
CHAPTER 10

DERIVATION OF THE LAW OF
SENSATION

THE DUAL FORMSOFTHE EMPIRICAL LAW OFSENSATION: FECHNER’S
AND STEVENS’ LAWS

We proceed, now, in the flow diagram of Figure 1.2, toward the center block: experimental
evaluation of F = kH. This processwill occupy several chaptersand involves, essentially, the
evaluationof thefunction(9.20)

F = 1
2

kln(1 + bIn/ t ) .     (10.1)

In this chapterit will be demonstrated, if it is not alreadyapparentto the reader, that Equation
(10.1) canbeusedto derivebothof thecommonformsof the“ law of sensation” thatweredescribedin
somedetail in Chapter3, sectionI. The questto “unify” the two forms of the law of sensation– the
semiloglaw of WeberandFechner(WF) with thepowerlaw of Plateau, BrentanoandStevens(PBS) –
hasbeenpursuedwith greatvigor throughouttheyears. Hundreds, if not thousands, of pageshavebeen
publishedin this endeavor. Yet theunificationemergeseasilyfrom theentropyequation(9.20) / (10.1).

You will recall how the law of sensation(or the “psychophysicallaw”) wasdiscovered. Stimuli of
constantintensity, I, of constantduration(it is to behoped), tU,wereappliedto a sensoryreceptorin an
appropriatestateof adaptation(e.g. unadapted). Theperceptualvariable, F, wasmeasured, andthedata
weregraphed. Fromthegrapheddata, it becameapparentthatF wassometimesrelatedlinearly to the
log I (WF law), andthat log F wassometimesrelatedlinearly to log I (PBSlaw). Theserelationships
are illustratedin Figures3.1a and3.1b. F, the perceptualvariable, is on someoccasions, takenasthe
subjectivemagnitudeof thestimulus(e.g. how bright thelight seemsto be), and, on otheroccasions, is
takenas the impulsefrequencyin a sensoryneuronissuingfrom the receptor. The conundrumof the
law of sensationis thatboththesetwo lawsandonly thesetwo lawsseemto work.

Thereis a body of papersdealingwith different methodsfor measuringthe subjectivemagnitude:
the method of categories, of magnitudeestimation, and of magnitudeproduction. One of these
(categories) is found by someto favor the semiloglaw (WF), and another(magnitudeestimation) to
favor thepowerlaw. While thedistinctionis undoubtedlyimportant, I deferhereto my psychophysical
colleagues, who are better able to define the distinction. In thesepages, I shall lump togetherall
methodsof measuringsubjectivemagnitude, andreferto themasjust that: subjectivemagnitude.

DERIVATION OFTHE LAW OFSENSATIONFROM THE ENTROPY
EQUATION

In order to derive the two forms of the law of sensationfrom Equation(10.1), we set t = tU =
constant, andlet

g = b / tU.     (10.2)
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10. Derivationof theLawof Sensation 101

Thus

F = 1
2 kln(1 + gIn) .     (10.3)

Case(i) wheregIn >> 1

FromEquation(10.3) wehave

F S 1
2 kln(gIn)     (10.4)

F = 1
2 knln I + 1

2 klng.     (10.5)

or

F = aln I + b = aUlogI + b ,     (10.5a)

which is Equation(3.4) statingthe WF law (Norwich, 1977). Notice that we did not haveto beginas
Weberdid by asserting(Equation(3.1)) that

DI / I = constant,

(which is truefor a limited rangeof DI ), norby settingDF to beconstantfor a jnd, asFechnerdid.

Case(ii ) wheregIn << 1

Utilizing theTaylorexpansionfor ln(1 + x) where0 < x £ 1,

ln(1 + x) = x - 1
2 x2 + 1

3 x3 - ...     (10.6)

we find from (10.3)

F S 1
2 kgIn - 1

4 kg2I2n + higherorderterms.     (10.7)

Retainingonly thefirst orderterm,

F = 1
2

kgIn ,     (10.8)

which is identicalwith Equation(3.7) with a different representationof the constant(Norwich, 1977).
Takinglogsof bothsidesof Equation(10.8),

logF = nlogI + log( 1
2 kg) .     (10.9)

It is clear, I think, that the two formsof the law of sensationemergeasgIn approacheseachof the
two extremevalues. Betweentheextremes, oneor bothof thetwo formswill appearto bevalid (see, for
example, Figures5.1 and 5.2 of Norwich, 1991). Themostgenerallaw of sensation, which embraces
boththeWFandPBSlaws, is theentropylaw (10.3).

It is seenthat as I becomeslarge so that gIn is not << 1, the approximationof Equation(10.9)
weakens. Instead of the first order approximation, (10.8), we need at least the second order
approximation, (10.7). That is, due to subtractionof the term 1

4 kg2I2n, ªtrueº F is lessthan 1
2 kgIn.

Therefore, in a log-log plot of F vs. I, thedatapointswith highervaluesof I fall belowthestraightline.
This resultwasobservedfor Stevens' tastedata, asshownin Figure3.1 (a). This phenomenon, wherein
datawith larger I-valuesfall below the expectedstraight line was observedby Atkinson (1982) for
manysensorymodalities. Conversely, whenI becomessmall, sothatgIn is not >> 1, theapproximation
of Equation(10.4) weakens. Thereforein a graphof F vs. logI, datapointswith lower valuesof I fall
abovethe straightline. This result, also, wasseenin Stevens' tastedata, asshownin Figure3.1 (b).
However, the most important observationis that betweenthe two extremes, by and large, both the

Information, SensationandPerception. Ó KennethH. Norwich, 2003.



10. Derivationof theLawof Sensation 102

logarithmiclaw andthepowerlaw (Weber-FechnerandPBSlaws) providegoodapproximationsto the
data.

Themysteryof thedual form of thelaw of sensationwould seemto besolved. Moreover, sincethe
commonpropertyof all modalitiesof sensationis to transmit information, we seethe reasonfor a
common law of sensation. Henceforth, I use Equation (10.3) as the most generaland the most
meaningfulform of thelaw of sensation.

OBJECTIONSTO A COMMON LAW OFSENSATION

The opinion hasoften beenexpressedthat it is unreasonableto expecta single law to governthe
operationof manysensorymodalities. The mostcogentobjectionI haveencounteredwasput forward
by Weiss(1981). Weissdrawsour attentionto thearbitrarynatureof themeasuringscalethat is usedto
measurethe physical stimulus. Suppose, using one scaleof measurement, the stimulus intensity is
foundto beI units. Suppose, moreover, thatthis measureof I agreedwith thelaw of sensation,

F = f (I ) .     (10.10)

However, someotherinvestigatordecidesto usea differentscaleof measurement, so thathis / her
measurementof stimulusis foundto beIUunits, whereIU = g(I ), andwhereg is somefunctionof I. For
example, it maybethatIU = logI. Then, in general,

F ¹ f (IU) .     (10.10a)

That is, the law of sensationwill not be valid whenintensity is measuredusingthe latter scaleof
measurement. Usingtheaboveexample,

f (logI ) ¹ f (I ) .

Weiss' argumentsare quite correct; but his conclusion± that no universal law of sensationis
possible± is too severe. The appropriateconclusionis that theremustbe rulessetforth governingthe
selectionof a scaleof measurementfor the magnitudeof the physicalstimulusof a given modality, if
that modality is to be governedby a commonlaw of sensation. Within the entropytheory, that rule is
givenby Equation(9.14a),

s S
2 µ In :

thevarianceof thestimulussignalmustvaryasthenth powerof thephysicalmagnitudeof thestimulus.
If Equation(9.14a) holdsfor themeasureI, then, in general, it will fail to hold for IU = g(I ). Thereare,
of course, transformations, g, that still enableEquation(9.14a); to wit, Weiss' examplefrom audition.
That is, if I is soundintensity, andIUis soundpressure, theng expressesthephysicalrelation, IU = I1/2 ,
and, hence

s S
2 µ In = (IU2)n = (IU)2n = (IU)m ,

in agreementwith Equation(9.14a). Hence, thelaw of sensationcanbeexpressedusingeitherintensity
or soundpressureunits.

However, measuringdistancein logarithmicunitsusinga sliderule wouldviolateEquation(9.14a).

OBJECTIONSTO THE ENTROPICFORMULATION OFTHE LAW OF
SENSATION

Only a few objectionshavebeenvoicedspecifically to the entropicform of the law of sensation
throughthe years. Peopleoften askhow onecandeterminea priori the magnitudeof the quantitygIn

relative to unity, so that one might know which form of the two empirical laws will best hold.
Unfortunately, we do not know, a priori , the value of the constant, g, which is, itself, madeup of
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10. Derivationof theLawof Sensation 103

severalconstituentconstants. Themostreasonableapproach, in my opinion, is to usethegeneralform
of thelaw, Equation(10.3), ratherthaneitherof thetwo approximations.

One may wonderwhy natureseemsto operateat the ªboundaryº betweenthe two approximate
forms of the entropy law, rather than at one or other of the extremes. Why, for example, doesall
sensationnot occur in the regiongIn >> 1, so that the semiloglaw (WF) would alwaysbe valid, or,
conversely, in the regiongIn << 1 (PBS)? I haveno answerto this question, but I feel that it is a very
importantone. A simpleexplorationof the functiony = ln(1 + x) in this critical regionhasbeengiven
elsewhere(Norwich, 1991, Figure5.2).

The entropiclaw hasalsobeenchallengedbecauseit doesnot allow for the saturationof sensory
effectat high valuesof stimulusintensity, I. That is, in reality, whenI reachesanupperlimit , no further
increasein F (sensationor neuralimpulserate) canoccur. Yet no suchlimit appearsin Equation(10.3).
While this objection is valid, it is, of course, true that no such limit appearsin either of the two
empiricallawseither.

OTHERENDEAVORSTO UNIFY THE TWO FORMSOFTHE LAW OF
SENSATION

A truly incrediblevolumeof ink hasbeenspentin theattemptto explaintheapparentªtwo lawsº of
sensation, as evidenced, for example, by Krueger' s reviewsof the subject. I shouldlike to flag only
threeof theseendeavors± thosethat haveimpressedme the mostor amusedme the most, asthe case
maybe.

Thefirst of these, is thewell-knownpaperby D. M. MacKay(1963), in which theauthorpostulates
that a sensoryreceptoremits a frequency, f1, which is a linear function of log(I - Io), where Io is
constant. He then assumesthe presenceof an internal ªorganizerº or ªeffort generator,º that emits a
ªmatchingº frequency, f2, which is a linear functionof log(F - Fo), whereFo is constant. He assumes,
further, thatanequilibriumis achievedwherein

f1 = bf2 + constant,     (10.11)

whereb is a weightingfactor. Heproceedsto show, algebraically, that

F - Fo = a(I - Io)n , a, n constant,     (10.12)

which is a form of the power law of sensation. MacKay, thus, involvesboth semilogandpower laws
into oneunified theory.

I confessthat I do like the ideaof matchingfrequenciesusingan internalfrequencygenerator, for
reasonsthat may becomeclearer toward the end of this book. However, in other respects, I find
MacKay' s theorywanting. A largenumberof ad hoc assumptionsare invoked, in order to producea
power law of sensation. Moreover, MacKay' s theory does not, to my knowledge, generalize; it
accounts, in a way, for theªpsychophysicallawº andno otherlaw of sensation. In contrast, theentropy
equations(10.1) / (10.3) will be foundto give rise to a largenumberof theobservedlawsof sensation
andperception.

The secondstudyof the two empirical laws with which I was much takenis given by Resnikoff
(1989), section2.4.1 This authorshowsthat thereare only two possibilitiesfor the law of sensation
(ªpsychophysicalfunctionº) which

ª(1) yield constantrelativeinformationgainfor 1 jnd responses, and
(2) yield relativeinformationthatis invariantunderchangesof scalefor thestimulusmeasure."
The entropy equation (10.3) does, of course, embody function (2), but does not yet contain

constraint(1). We shall, however, build (1) into the entropyfunction asan additionalconstraintwhen
wecometo discusstheWeberfraction.

Finally, leaving laughslast, the most sensationallaw of sensationmay be ªNimh' s Lawº ± so
namedby M. H. Birnbaum(Nimh, 1976) ± which, admittedly, will alwaysfit the datamore closely
thananyothersimplemathematicallaw.

We shall returnto theoreticalconsiderationstowardtheendof thechapter, but let usproceednow
to considerhow theparametersof Equation(10.3), ourgenerallaw of sensation, canbeevaluated.
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NUMERICAL EVALUATION FOTHE CONSTANTSk, g, AND n

We notethatthegenerallaw, givenby Equation(10.3), contains3 parameters, k, g, andn, thatmust
beestimatedfrom experimentaldata, while eachof thecomponentlaws, WF andPBS, eachhaveonly
2 parameters. Two parametersareall thatareneededto producea straightline in a semilogplot (WF);
andtwo parametersareall thatareneededto producea straightline on a log-log plot (PBS). The third
parameterin the generallaw is needed, so to speak, to incorporatethe slight deviationfrom a straight
line that is observedwith eitherof thetwo plots. However, thedeviationfrom linearity is oftensoslight
that robustnumericalestimatesof all threeparametersare not possible. The methodfor parameter
estimationthat is usuallyusedis the methodof curve-fitting by the leastsquarescriterion. Whenone
attemptsto curve-fit a function of 3 parametersto data that are nearly linearly arrayed, using an
appropriatecomputerprogram, it is often observedthat two of the parameterstendto ªtradeoffº with
eachother. Thatis, oneparameterincreasesits value, perhapsoverseveralordersof magnitude, while a
secondparameterdecreasesconcurrently. Theresultof all this variationin parametervaluesis to leave
the sumof squaresof residualsnearlyconstant. The sumof squaresdoesdecrease, but the fractional
changeis not nearlyasgreatasis the fractionalchangein thevaluesof theparameters. I refer to such
parametervaluesasnonrobust.

It is often easyto seethe reasonfor the trading-off behaviorof non-robustparametervalues. For
example, if oneattemptsto curve-fit thegeneralentropyequation(10.3) to experimentaldatathatspan
only the region where gIn << 1, the computerwill not fail to oblige you. It will producea set of
numericalvaluesfor k, g, andn. However, you will probablynotice that while the sumof squaresof
residualsdecreasesonly slightly, thevaluesof k andg changedramatically, theoneincreasingandthe
other decreasing, while the value of n remainsrelatively stable. The reasonfor this behaviorcan be
seenfrom Equation(10.8), which is theapproximationof thegeneralequationfor smallvaluesof gIn:

F = 1
2 kgIn = 1

2 eIn .     (10.13)

We seethat the productof parameters, kg, is regardedby the computerasa singleparameter, e.
Therefore, k andg canchangead libitum without changingthe calculatedvalueof F, thusleavingthe
sum of squaresnearly constant. These ideas are illustrated in Tables 10.1 and 10.2, and in the
accompanyingFigure10.1 .

The upshotof the aboveis that it will be difficult , indeed, to estimatedistinct valuesfor k andg
from datathat relateF to I. The valueof the exponent, n, however, will be robust. We shall haveto
appealto other typesof datato separateout k and g. Nonetheless, for selectsetsof measureddata,
where I spansthe full physiologicalrangeof perceptiblevalues, the data may demonstrateenough
deviationfrom linearity that3 distinctparametervaluesmaybefound.

Table 10.1 A Setof Eight Pairsof NumbersSelectedUsingOnly theCriterionthatwhenY Is
PlottedagainstX, thePointsWill Scatter, Roughly, aboutaStraightLine.

X Y

1 1.5

2 2.2

3 2.5

4 3.3

5 3.7

6 4.2

7 4.8

8 5.3

Note. A function of the form given by Equation(10.3) wasfitted to thesesimulateddata. The
useof sucha three-parameterfunction is not really appropriateto fit datathat lie nearlyon a
straightline.
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Table 10.2 Excerptsfrom Simplex ProgramOutput Usedto Carry Out Curve-Fitting of the
SimulatedDatafrom Table10.1.

IterationNumber 518 776 1134 1571

Sumof squaresof residuals 0.1870 0.15600 0.14300 0.13600

k 21.8600 42.13000 88.90000 164.30000

g 0.1225 0.06357 0.02959 0.01618

n 0.7575 0.70700 0.68330 0.66840

kg 2.6780 2.67800 2.63100 2.65800

Note. Thefunctionfitted was

Y = (1/2)kln(1 + gXn) .

We mayobservefrom this tablethatthesumof squaresof residualsdiminishedwith progressive
numberof iterations(of course), but the decreasewasquite small over 1000 iterations(27%).
Over the same1000 iterations, the valueof n changedby only about12%. However, k and g
eachchangedby a factor of 7.57. In fact, k andg ªtradedoffº in valuewith eachother, so that
the product, kg, remainednearlyconstantat 2.65, as requiredby the Taylor series(10.6). The
simulateddataareplottedin Figure10.1, togetherwith theªbestº andªpoorestº fitted functions
(sumof squares= 0.136 and0.187 respectively). It may be seenthat, despitethe considerable
differencesin parametervalues, the fitted curvesarenearlysuperimposedover the rangeof the
data.

Let us considerfirst the dataof Stevensfor tasteof NaCl solutions(Figure 8 of Stevens, 1969),
Figures3.1a and3.1b. Supposethatwe first usethedataof Figure3.1a andfit lnF vs. ln I to a straight
line by leastsquaresregression. Most of us haveaccessto a scientific handcalculatorthat will do the
job easily. FromEquation(10.9), theslopeof this straightline providesthevaluefor n. Suppose, now,
we usethedataof Figure3.1b, andfit F vs. ln I to a straightline. FromEquation(10.5) we seethat the
slopeof this line is equalto 1

2 kn andits F-interceptis equalto 1
2 k lng. Sincewe havedeterminedthe

valueof n from thefirst graph, we canobtainthevalueof k from theslopeof thesecondgraph. With k
determined, we can calculatethe value of g from the interceptof the secondgraph. However, the
systemis ªover-determined,º sincethe interceptof thefirst straightline is equalto ln( 1

2 kg). Thevalue
of this interceptmay be checkedagainstthe alreadydeterminedvaluesof k and g. Usually some
adjustmentof valuesis necessaryto obtain a compromiseposition. When I assignsuchproblemsin

Figure 10.1 Numerical exampleof Table 1. Two curvesfit a set of simulateddata points
nearlyequallywell, despitethe fact that the parametersof the two curvesdiffer considerably.
The curves are obtained from a fit to the entropy function (10.3). This demonstratesthe
difficulties encounteredwhenpointsthat lie nearlyon a straightline arefitted by a functionof 3
parameters.
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Figure 10.2 Data of S. S. Stevens(1969). Natural log of subjectivemagnitudeof tasteof
sodium chloride solutionsplotted againstnatural log of percentconcentrationby weight of
NaCl. The entropyequationin the form of Equation(10.3) hasbeenfitted to the data, andthe
resultingcurvehasbeenplotted.

F = (41.31/2) ln(1 + 0.09995 I 1.483) .

Comparewith thePBSandWF laws, plottedin Figures3.1a andb respectively. Noticehow the
deviationof thedatapointsfrom a straightline on the full log plot is embracednaturallyby the
entropyequation.

curve-fitting to my students, they usually attack the problem in the mannerdescribedabove, and
emergewith quitereasonableandconsistentvaluesfor thethreeparameters.

Alternatively, one can usea computerprogramthat fits non-linear functionssuchas (10.3) by a
processof ªhill -climbing,º using the leastsquarescriterion. My own favorite is a downhill simplex
routinethatwill providea goodfit of Equation(10.3) to thedatawith a few minutes' executiontime on
a PC. This methodwas devisedby Nelder and Mead in 1965, but good renditionsin Fortranand C
computerlanguagescanbe found in Presset al. (1986, 1988), anda clearexplanationof thealgorithm
togetherwith a listing of a simplex programin Pascalis given by Caceciand Cacherisin BYTE
magazine(1984).

Figure 10.3 Dataof LuceandMo (1965). Naturallog of meanmagnitudeestimateof intensity
of a 1000 Hz tone(subject9) plottedagainstlog of soundintensity. The readermayobservein
LuceandMo' s Figure2 how thedataon a log-log plot deviatecharacteristicallyfrom a straight
line. Thecurvatureis capturedby theentropyequation:

F = (113.1/2) ln(1 + 0.03131 I 0.2896) .
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Figure 10.4 Data of Luce and Mo (1965). Natural log of meanmagnitudeestimateplotted
againstnaturallog of lifted weight (subject6). The deviationof theplotteddatafrom a straight
line on a log-log plot for all 6 subjectsis very clearlyseenin LuceandMo' s Figure3. Thefitted
entropyequationis:

F = (1040/2) ln(1 + 0.0003022 I 1.499) .

Equation(10.3) was fitted to Stevens' NaCl-tastedata(logF fitted againstlog right-handside of
(10.3)) by thesimplexmethod, andtheresultis shownin Figure10.2. The following parametervalues
wereobtained: k = 41.31, g = 0.09995, n = 1.483. Thevalueof theexponent, n, is, of course, similar to
the value one would obtain from a simple regressionline to a log-log plot. The value of the scaling
constant, k, will takeonmuchmoresignificanceto usafterwehaveexploredtheprocessof adaptation.

Much of the publisheddata relating F with I do not exhibit enoughcurvaturein a log-log or
semilogplot to permit robustestimationsof k andg. A numberdo, however, as in the examplegiven
above.

Figure 10.3 showsthe entropy function fitted to the auditory dataof Luce and Mo (1965). The
following parameterswereobtainedby a leastsquaresprocedure: k = 113.1, g = 0.03131, n = 0.2896.
Again, the value of the exponent, n, is in accordwith the value of 0.3 which is usually quotedfor

Figure 10.5 Thesedata were digitized, approximately, from Moskowitz (1970b), Figure 1.
Naturallog of sweetnessof sucroseis plottedagainstlog percentsucroseby weight. Theentropy
functionis

F = (24.6/2) ln(1 + 0.0126 I 2.03) .

The deviation of sucrosedata from a straight line is seem, perhaps, even more clearly in
Moskowitz' searlierpaperof thesameyear(1970a), Figure1.
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audition. Figure 10.4 demonstratesthe fit of the entropyequationto Luce and Mo' s data on lifted
weights. The parametervaluesare k =1040, g = 3.022 x 10- 4, n = 1.499. Data for meanmagnitude
estimatesof sweetnessof sucrosewereestimatedfrom a graphprovidedby Moskowitz (1970b), and
the resultsare shown in Figure 10.5. Thesedata are somewhatmore approximatethan the others.
Parametersfor theentropyfunctionare: k = 24.6, g= 0.0126, n = 2.03. Thevaluefor n is a little greater
thanthevaluethatwouldhavebeenobtainedfrom theusuallog-log plot.

There is magic in the valuesof the constantk, but to sampleits enchantmentyou must remain
apprenticeto this sorcererfor at leastonemorechapter(or elsecheatandjump ahead, but youmayfind
yourselfin deepwater!).2

MEASUREMENTSOFTOTAL NUMBERSOFACTION POTENTIALS

When F is interpretedas the impulseor action potential frequencyin a nervefiber, the integral
ò0

t Fdt gives the total number of impulses that will be recorded in the interval, t, following
administrationof thestimulus. IntegratingEquation(10.1) with respectto t,

òFdt = ò1
2 kln(1 + bIn/ t )dt

= 1
2 kt ln(1 + bIn/ t ) + 1

2 kb In ln(bIn + t ) + constant.     (10.14)

We cannow evaluatethe parametersof the entropyfunction (10.1) by curve-fitting ò0

t Fdt to data
that relatetotal numberof impulsesto stimulusintensity. A recentexampleof this typeof experiment
is providedby Duchamp-Viret et al (1990), who measuredtheresponsein olfactorybulb neuronsto the
four stimuli, DL-camphor, anisole, DL-limoneneand isoamylacetate. The numberof impulsesin the
interval0 — 500 msfollowing onsetof thestimulusfor ªall stimuli together... pooledasa functionof
concentrationº were plotted againstconcentration, in their Figure9A. Equation(10.14) was fitted to
their data, andtheresultis shownin Figure10.6. Notethatno furtherincreasein total impulsesper500
msoccursfor valuesof log10I greaterthanabout-2. This saturationeffect is not embracedby Equation
(10.1), which does not recognizeany physiological upper limit for the variable I. Otherwise, the
curve-fit is quitegood. Parametervaluesarek = 59.0, b = 6.91 x 104, n = 1.15.

I submithere, in conclusion, a brief andquiteapproximateanalysisof themechanoreceptiondataof
WernerandMountcastle(1965). I am not surethat their stimuli, which wererepeatedindentationsof

Figure 10.6 Theintegralof theentropyfunctionwith respectto time givesthetotal numberof
impulsesexpectedovera giventime interval. This integral, givenby Equation(10.14), hasbeen
fitted to the observedtotal numberof impulsescountedin the interval 0 — 500 ms in an
olfactory bulb neuron, asreportedby Duchamp-Viret, Duchampet al. (1990). The fitted curve
(solid line) conformsreasonablywell to thedata, but will not showªsaturationº for high values
of concentration. Parametersvaluesfor thefitted curvearegivenin thetext.
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skin, qualify as simple ªintensities,º but the analysisoffered below is easyand the resultsare quite
striking.

A tactileprobewasusedto stimulatetheskin of catsandmonkeys. A train of 30 Ð 50 stimulusof
strength, I, weredeliveredat intervalsof 3 - 5 s. Intensitywasmeasuredin micronsof skin indentation.
Thesensoryreceptorsaremechanoreceptors, andimpulseswerecountedin a singlemechanoreceptive
fiber. The total numberof impulseswerecountedfor a numberof time intervals, suchas20, 50, 100,
250, 500 and 1000 ms. Werner and Mountcastlethen plotted the logarithm of the total numberof
impulsescountedagainstthe logarithm of skin indentationin microns. Their result was a seriesof
nearly-parallelstraightlines(their Figure10). To analyzethesedata, it is simplerto useanapproximate
form of the entropy equation, similar to Equation(10.8). Expand(10.1), again, in a Taylor series,
retainingonly thefirst term:

F = 1
2 kb In/ t .     (10.15)

Supposethatthestimulusbeginsat t = 0, andthefirst impulseis registeredat t = to. Thenwehave

òto

t
Fdt = òto

t 1
2 kb In/ t dt = 1

2 kb In ln(t / to) .     (10.16)

This integral is approximatelyequal to the total numberof impulsesin the time interval to to t.
Takinglogsof bothsides,

ln òto

t
Fdt = nln I + ln 1

2 kb ln(t / to) .     (10.17)

We seethat if ln òto

t Fdt is plottedagainstln I for a given, fixed valueof t, the resultexpectedis a
straightline whoseslopeis equalto n. Theinterceptof this straightline is givenby

lnK = ln[ 1
2 kb ln(t / to)] = intercept.     (10.18)

Measuredvaluesof thequantity, K, havebeentabulatedby WernerandMountcastlein their Table
1. For t = t1, let K = K1. Then, from (10.18),

K = (K1 - 1
2 kb ln t1) + 1

2
kb ln t .     (10.19)

Thus, from Equation(10.18), K = exp (interceptof straight line) is a linear function of ln t, a
relationshipwhichcanbetested.

Figure 10.7a Mechanoreceptordataof Wernerand Mountcastle(1965, fiber 23, Figure 10)
have been representedschematically. Log10 of mean total number of impulsesin a single
mechanoreceptivefiber havebeenplottedagainstthe log10 of stimulus(skin indentation). The
resultis a seriesof nearly-parallelstraightlines. Thetotal durationof thestimulationis indicated
at theright-handsideof eachline. Theslopeof thestraightlinesis, by theentropytheory, equal
to theexponent, n, in thelaw of sensation.
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Figure 10.7b Thestraightlinesin Figure10.6ahavethegeneralequation
log10 meannumberof impulses= nlog10 skin indentation+log10K . (10.17) / (10.18)

In this graph, K (not log10K) is plotted againstlog t, wheret is total durationof stimulation.
From Equation(10.19), these3 points are expectedto lie on a straight line, which they do
approximate.

Sincetheimpulseratein WernerandMountcastle' s studyequilibratedafterabout150 ms(authors'
Figure4), only summationtimesequalto or lessthan150 ms canbe usedin Equation(10.16). (We
could, of course, modify (10.16) to allow for equilibration.) The three straight lines for fiber 24-3
(shown also in the authors' Figure 10), correspondingto t = 20, 50, and 100 ms are drawn,
approximately, in Figure (10.7a). The K-valuesfor thesestraight lines (obtainedfrom the authors'
Table1) areplottedagainstln t in Figure(10.7b). We seethat the threepoints lie nearlyon a straight
line, aspredictedby Equation(10.18). That is, theentropyequationhasshownthat thedataof Werner
andMountcastlein a log-log plot will lie on a seriesof parallelstraightlines (asfoundexperimentally
by theseauthors), whoseslope is equal to the power function exponent, and whoseinterceptsare
proportional to ln(t / to). This analysis cannot be pushed too far. Equation (10.15) is only an
approximationof (10.1), and no allowancehasbeenmadefor the spontaneousfiring rate of about6
impulsespersecond.

THE PERCEPTUALVARIABLE

Thevariable, F, hasbeentermeda ªperceptualvariable,º but whatarethecriteriafor selectingsuch
a variable? I haveused, variously, magnitudeestimates, categoryscales, and neural impulserates. I
supposethatI amsearchingfor anyquantitythatnatureappearsto useasa measureof entropy, H. That
definition maynot beadequate, but it is thebestI canoffer at this time. Neitheris the list exhaustive.
For example, for thesenseof audition, neuralimpulseratemaynot, in itself, beanadequatemeasureof
H. Intensityof soundis mediatedmorestronglyby thenumberof nervefibersthatarefiring thanby the
frequencyof impulsesin a given fiber (CorenandWard, 1989). Perhaps, in this case, numberof fibers
firing is an appropriateperceptualvariable.3 For a review of the ªDoctrine of Correspondenceº
(psychophysicalto neurophysiological) the readeris referredto Marks (1978, pp 164-170). We shall
beginto distiguishtheoreticallybetweenF(neuronal) andF(psychophysical) in Chapter13.

Within an evolutionarymodel, onemight saythat sensorysystemsevolvein a mannercompatible
with the equationF = kH. That is, nature, using the evolutionaryprocess, refinessomephysiological
mechanism(neuralfiring rate, numberof fibers firing, evenelectricor magneticfield strengths) which
encodesthe stimulusentropy. Whenwe havediscoveredthe identity of F by mathematicalmeansfor
somemodality, wemaythendesignateit asa ªperceptualvariable.º
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UNIFICATION

We recall Equation(3.17), wherea unifying sensoryfunction, F = F(I, t ), washypothesized. This
hypothesizedfunction is now identified with the function given by Equation (10.1). The unifying
functionhasnowachievedits first goal: by settingt = tU= constant, weobtain, from Equation(3.18),

F = F(I, tU) ,

which is identifiedwith Equation(10.3), which, in turn, is theunified law of sensation.
We observethatby settingt = constantanddefininga newconstant, g, in Equation(10.2), we have

effectively removedassumption(4) (Chapter9), the assumptionof constantsamplingrate. As we
continueto userestrictedformsof theH-function, obtainedby settingoneor anothervariableequalto a
constant, weselectivelyremovea correspondingassumptionfrom thelist of six.

HISTORY

We havespokenbriefly aboutFechner' s law in Chapter3. This relationshipbetweenstimulusand
responseformswhatFechnertermedªouterpsychophysics.º However, Fechneralsowroteaboutªinner
psychophysics,º in which he conjecturedthat in the nervoussystemthereexist internally generated
oscillators, andthat the sensationresultingfrom someexternalstimulushadto superimposeitself, in
someway, upon theseinternal oscillations.4 Suchconsiderationsled DelboeufQ (1873) to suggesta
modificationof Fechner' s law of theform

F = klog(1 + I / In) ,     (10.20)

whereIn is producedasa resultof internalneurologicalactivity.
Delboeuf' s equationis mentionedherebecauseof its clear resemblanceto the entropyequation

(10.3). Onecannotbut observethesimilarity in Delboeuf' s insertionof In to therequiredincorporation
of s R

2 in the information equation. Where Delboeuf has used log(1 + I / In), we have used the
information log(1 + s S

2 / s R
2), which we might write as log(1 + In/ IR

n) [being careful about the
interpretationof IR].

We seein Chapter12 that Bekesy(1930) utilized a similar function in his attemptto account
quantitativelyfor the resultsof Knudsenon differentialsensitivity, DI / I, of audition. Bekesyattributed
thederivationof theequationto Alfred Lehmann(1905).

The theoreticalwork of Rushton(1959) usingdatameasuredby Fuortes(1959) is alsonoteworthy.
Working with membraneresistancein theeccentriccell in theeyeof Limulus(crab), Rushtonobtained
thefollowing equationempirically:

RO - RI = 1
2 log10(1 + 25 I ) ,     (10.21)

whereRI is membraneresistancein responseto light intensity, I, and RO the resistancein the dark.
Rushtongoeson to speculateª... further, RI will be a linear function of impulsefrequency...º This
equationalsois of thesamegeneralform astheentropyEquation(10.3).

NOTES

1. Must c alwaysbeequalto 1 if Resnikoff' sEquation(2.21) is to agreewith Equation(2.20)?
2. Suchwas, of course, thelessontaughtby Goethe.
3. Sincesoundintensitiesin therangeof humanhearingvary by a factorof about1010, recruitment

of fibersis, in itself, unlikely to mediateloudness.
4. Fora broadexaminationof Fechner' scontributions, seetherecentreviewby Murray (1992).
Q. (2003 ed. note) The story of Delboeufandhis equationhasnow beenpublishedby Nicolasand

Murray: Nicolas, S andMurray, D.J. The psychophysicsof J-R-L Delboeuf(1831-1896), Perception,
26, 1297-1315, 1997.
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