CHAPTER 10

DERIVATION OF THE LAW OF
SENSATION

THE DUAL FORMSOF THE EMPIRICAL LAW OF SENSATION FECHNERS
AND STEVENS LAWS

We proceed now, in the flow diagram of Figure 1.2, toward the center block experimental
evaluation of F = kH. This processwill occupy several chaptersand involves essentially the
evaluationof the function (9.20)

F=-%Mnu+bwn). (10.1)

In this chapterit will be demonstratedif it is not alreadyapparentto the readey that Equation
(10.1) canbeusedto deriveboth of the commonforms of the “law of sensatioh thatweredescribedn
somedetail in Chapter3, sectionl. The questto “unify” the two forms of the law of sensation- the
semiloglaw of WeberandFechner(WF) with the powerlaw of PlateayBrentanoand StevengPBS —
hasbeenpursuedwith greatvigor throughouthe years Hundredsif notthousandsof pageshavebeen
publishedn this endeavarYet the unificationemerge®asilyfrom the entropyequation(9.20) / (10.1).

You will recallhow the law of sensatior(or the “psychophysicalaw’) wasdiscovered Stimuli of
constanintensity, |, of constanturation(it is to be hoped, tY wereappliedto a sensoryreceptorin an
appropriatestateof adaptatior(e.g. unadaptel The perceptualariable F, wasmeasuredandthe data
weregraphed Fromthe grapheddatg it becameapparenthat F wassometimeselatedlinearly to the
log | (WF law), andthatlog F wassometimegelatedlinearly to log | (PBSlaw). Theserelationships
areillustratedin Figures3.1a and 3.1b. F, the perceptualariable is on someoccasionstakenasthe
subjectivemagnitudeof the stimulus(e.g. how brightthe light seemdgo be), and on otheroccasionsis
takenasthe impulsefrequencyin a sensoryneuronissuingfrom the receptor The conundrumof the
law of sensations thatboththesetwo lawsandonly thesetwo laws seento work.

Thereis a body of papersdealingwith different methodsfor measuringhe subjectivemagnitude
the method of categories of magnitude estimation and of magnitude production One of these
(categoriey is found by someto favor the semiloglaw (WF), and another(magnitudeestimation to
favor the powerlaw. While the distinctionis undoubtedlyimportant | deferhereto my psychophysical
colleagueswho are better able to define the distinction In thesepages | shall lump togetherall
methodsof measuringsubjectivemagnitudeandreferto themasjustthat subjectivemagnitude

DERIVATION OF THE LAW OF SENSATIONFROM THE ENTROPY
EQUATION

In orderto derive the two forms of the law of sensationfrom Equation(10.1), we sett = tV=
constantandlet

g=b/tY, (10.2)
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10. Derivation of the Law of Sensation 101

Thus
F=2kin(L+gl"). (10.3)
Case(i) wheregl" >> 1
FromEquation(10.3) we have
F S Zkin(gl" (10.4)
F = Zkninl + Zking. (10.5)
or
F =alnl +b =aY%oqgl +b, (10.53q)

which is Equation(3.4) statingthe WF law (Norwich, 1977). Notice thatwe did not haveto beginas
Weberdid by asserting Equation(3.1)) that

DI /| = constant

(whichis truefor alimited rangeof DI ), nor by settingDF to be constanfor ajnd, asFechnedid.
Case(ii) wheregl" << 1

Utilizing the Taylor expansiorfor In(1 + x) where0 < x £ 1,
In(1+x) =x- ($)x2+(L)E- .. (10.6)
we find from (10.3)
F S Skgl"- +kg?1?" + higherorderterms (10.7)
Retainingonly thefirst orderterm,
F = %kgl” , (10.8)

which is identicalwith Equation(3.7) with a differentrepresentatiof the constantNorwich, 1977).
Takinglogsof bothsidesof Equation(10.8),

logF = nlogl +log(5kg) . (10.9)

It is clear, | think, that the two formsof the law of sensatioremergeas g™ approachesachof the
two extremevalues Betweerthe extremesoneor both of thetwo formswill appearto bevalid (see for
example Figures5.1 and 5.2 of Norwich, 1991). The mostgenerallaw of sensationwhich embraces
boththe WF and PBSlaws, is theentropylaw (10.3).

It is seenthat as| becomedarge so that gl" is not << 1, the approximationof Equation(10.9)
weakens Instead of the first order approximation (10.8), we need at least the second order
approximation (10.7). Thatis, dueto subtractionof the term %kgzlzn, atrue® F is lessthan %kgl”.
Thereforein alog-log plot of F vs. |, thedatapointswith highervaluesof | fall belowthe straightline.
This resultwasobservedor StevenStastedatg asshownin Figure3.1 (a). This phenomenonwherein
datawith larger I-valuesfall below the expectedstraightline was observedoy Atkinson (1982) for
manysensorymodalities Converselywhenl becomesmall sothatgl" is not>> 1, theapproximation
of Equation(10.4) weakensThereforein a graphof F vs. logl, datapointswith lower valuesof | fall
abovethe straightline. This result alsq was seenin Stevens tastedatg as shownin Figure 3.1 (b).
However the mostimportantobservationis that betweenthe two extremes by and large both the
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10. Derivation of the Law of Sensation 102

logarithmiclaw andthe powerlaw (WeberFechnemandPBSlaws) providegoodapproximationgo the
data

The mysteryof the dualform of the law of sensatiorwould seemto be solved Moreover sincethe
commonproperty of all modalitiesof sensationis to transmitinformation we seethe reasonfor a
common law of sensation Henceforth | use Equation (10.3) as the most generaland the most
meaningfulform of thelaw of sensation

OBJECTIONSTO A COMMON LAW OF SENSATION

The opinion hasoften beenexpressedhat it is unreasonabléo expecta singlelaw to governthe
operationof many sensorymodalities The mostcogentobjectionl haveencounteredvas put forward
by Weiss(1981). Weissdrawsour attentionto the arbitrarynatureof the measuringscalethatis usedto
measurethe physical stimulus Supposg using one scale of measurementthe stimulus intensity is
foundto bel units Supposemoreoverthatthis measuref | agreedwith thelaw of sensation

F=f(). (10.10)

However someotherinvestigatordecideso usea differentscaleof measuremensothathis/ her
measuremerdf stimulusis foundto beIYunits wherelV= g(I), andwhereg is somefunctionof I. For
exampleit maybethatIV= logl. Then in general

F1f1y. (10.104)

Thatis, the law of sensatiorwill not be valid whenintensityis measuredisingthe latter scaleof
measurementsingtheaboveexample

f(logl) * f(1).

Weiss argumentsare quite correct but his conclusiont that no universallaw of sensationis
possiblet is too severe The appropriateconclusionis thattheremustbe rulessetforth governingthe
selectionof a scaleof measuremerior the magnitudeof the physicalstimulusof a given modality, if
that modality is to be governedby a commonlaw of sensationWithin the entropytheory; thatrule is
givenby Equation(9.14a),

sy In:

thevarianceof the stimulussignalmustvary asthe n™ powerof the physicalmagnitudeof the stimulus
If Equation(9.14a) holdsfor the measurd, then in generalit will fail to hold for V= g(I). Thereare
of course transformationsg, thatstill enableEquation(9.14a); to wit, Weiss examplefrom audition
Thatis, if | is soundintensity, andlVis soundpressuretheng expressethe physicalrelation 1V= 172 |
and hence

sEp N = (%" =9 = (9™,

in agreementvith Equation(9.14a). Hence thelaw of sensatiortanbe expressedisingeitherintensity
or soundpressureainits
However measuringlistancan logarithmicunitsusinga sliderule would violate Equation(9.14a).

OBJECTIONSTO THE ENTROPICFORMULATION OF THE LAW OF
SENSATION

Only a few objectionshave beenvoiced specifically to the entropicform of the law of sensation
throughthe years Peopleoften askhow one candeterminea priori the magnitudeof the quantitygl”
relative to unity, so that one might know which form of the two empirical laws will best hold.
Unfortunately we do not know, a priori, the value of the constant g which is, itself, madeup of
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10. Derivation of the Law of Sensation 103

severalconstituenttonstantsThe mostreasonabl@approachin my opinion, is to usethe generalform
of thelaw, Equation(10.3), ratherthaneitherof thetwo approximations

One may wonderwhy natureseemsto operateat the 2boundary betweenthe two approximate
forms of the entropylaw, ratherthan at one or other of the extremes Why, for example doesall
sensatiomot occurin the regiongl" >> 1, so that the semiloglaw (WF) would alwaysbe valid, or,
converselyin theregiongl" << 1 (PBS? | haveno answerto this question but | feel thatit is a very
importantone A simpleexplorationof the functiony = In(1 + x) in this critical regionhasbeengiven
elsewheréNorwich, 1991, Figure5.2).

The entropiclaw hasalsobeenchallengedbecauseat doesnot allow for the saturationof sensory
effectat high valuesof stimulusintensity, |. Thatis, in reality, whenl reachesnupperlimit, no further
increasan F (sensatioror neuralimpulserate canoccur. Yet no suchlimit appearsn Equation(10.3).
While this objectionis valid, it is, of course true that no suchlimit appearsin either of the two
empiricallawseither

OTHERENDEAVORSTO UNIFY THE TWO FORMSOF THE LAW OF
SENSATION

A truly incrediblevolumeof ink hasbeenspentin the attemptto explaintheapparentétwo laws of
sensationas evidencedfor example by Kruegets reviewsof the subject | shouldlike to flag only
threeof theseendeavorg thosethat haveimpressedne the mostor amusedme the most asthe case
maybe

Thefirst of these is thewell-known paperby D. M. MacKay (1963), in which the authorpostulates
that a sensoryreceptoremits a frequency f1, which is a linear function of log(l - 1,), wherel, is
constant He then assumeghe presenceof an internal2organize? or 2effort generatof that emitsa
amatching frequencyf,, whichis alinear functionof log(F - F.), whereF, is constantHe assumes
further, thatanequilibriumis achievedvherein

f1 = bfy + constant (10.11)
whereb is aweightingfactor. He proceedso show algebraically that
F-Fo=a(l-1y,)", a nconstant (10.12)

which is a form of the powerlaw of sensationMacKay, thus involves both semilogand powerlaws
into oneunified theory.

| confessthat| do like the ideaof matchingfrequenciesusingan internalfrequencygeneratorfor
reasonsthat may becomeclearertoward the end of this book However in other respects| find
MacKay s theorywanting A large numberof ad hoc assumptionsreinvoked in orderto producea
power law of sensation Moreover MacKay s theory does not, to my knowledge generalize it
accountsin away, for the@psychophysicalaw® andno otherlaw of sensationin contrastthe entropy
equationg10.1) / (10.3) will befoundto give riseto a largenumberof the observedaws of sensation
andperception

The secondstudy of the two empirical laws with which | was muchtakenis given by Resnikoff
(1989), section2.4.! This authorshowsthat thereare only two possibilitiesfor the law of sensation
(@psychophysicaiunctiorf) which

(1) yield constantelativeinformationgainfor 1 jnd responsesand

(2) yield relativeinformationthatis invariantunderchange®f scalefor the stimulusmeasure

The entropy equation (10.3) does of course embody function (2), but does not yet contain
constraint(1). We shall however build (1) into the entropyfunction asan additionalconstraintwhen
we cometo discusghe Weberfraction

Finally, leaving laughslast the most sensationalaw of sensationmay be 2Nimh's Law® * so
namedby M. H. Birnbaum(Nimh, 1976) + which, admittedly will alwaysfit the datamore closely
thananyothersimplemathematicalaw.

We shallreturnto theoreticalconsiderationsowardthe end of the chapter but let us proceednow
to considethow the parametersf Equation(10.3), our generalaw of sensationcanbe evaluated
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10. Derivationof the Law of Sensation 104
NUMERICAL EVALUATION FOTHE CONSTANTSK, g AND n

We notethatthe generalaw, givenby Equation(10.3), contains3 parametersk, g andn, thatmust
be estimatedrom experimentatlatg while eachof the componentaws WF andPBS eachhaveonly
2 parametersTwo parametersreall thatareneededo producea straightline in a semilogplot (WF);
andtwo parametersireall thatareneededo producea straightline on alog-log plot (PBS. Thethird
parametein the generallaw is neededso to speak to incorporatethe slight deviationfrom a straight
line thatis observedvith eitherof thetwo plots However the deviationfrom linearity is oftensoslight
that robust numericalestimatesof all three parametersare not possible The methodfor parameter
estimationthat is usually usedis the methodof curvefitting by the leastsquaresriterion Whenone
attemptsto curvefit a function of 3 parameterdo datathat are nearly linearly arrayed using an
appropriatecomputerprogram it is often observedhattwo of the parametersendto 2tradeoff® with
eachother Thatis, oneparametemcrease#s value perhapoverseverabrdersof magnitudewhile a
secondparametedecreasesoncurrently Theresultof all this variationin parameteraluesis to leave
the sum of squaresof residualsnearly constant The sum of squaresdoesdecreasgbut the fractional
changeis not nearlyasgreatasis the fractionalchangen the valuesof the parametersl referto such
parametevaluesasnonrobust

It is often easyto seethe reasonfor the tradingoff behaviorof nonrobustparametewvalues For
exampleif oneattemptgo curvefit the generalentropyequation(10.3) to experimentatiatathat span
only the region wheregl" << 1, the computerwill not fail to oblige you. It will producea set of
numericalvaluesfor k, g andn. However you will probablynotice that while the sumof squaresof
residualsdecreasesnly slightly, the valuesof k andg changedramatically the oneincreasingandthe
other decreasingwhile the value of n remainsrelatively stable The reasonfor this behaviorcan be
seenfrom Equation(10.8), whichis the approximatiorof the generalkequationfor smallvaluesof gl":

F=1kgl"=lel". (10.13)

We seethat the product of parameterskg, is regardedoy the computeras a single parametere.
Therefore k andg canchangead libitum without changingthe calculatedvalue of F, thusleavingthe
sum of squaresnearly constant Theseideas are illustrated in Tables 10.1 and 10.2, and in the
accompanyingrigure10.1.

The upshotof the aboveis thatit will be difficult, indeed to estimatedistinct valuesfor k andg
from datathatrelateF to I. The value of the exponentn, however will be robust We shall haveto
appealto othertypesof datato separateout k and g Nonethelessfor selectsetsof measurediatg
where| spansthe full physiologicalrangeof perceptiblevalues the data may demonstrateenough
deviationfrom linearity that3 distinct parameteraluesmaybefound

Table 10.1 A Setof Eight Pairsof NumbersSelectedJsing Only the CriterionthatwhenY Is
PlottedagainstX, the PointsWill Scattey Roughly abouta StraightLine.

X

Y

15
22
25
33
3.7
4.2
4.8
53

0 N o o B~ WODN P

Note A function of the form given by Equation(10.3) wasfitted to thesesimulateddata The
useof sucha threeparameterfunction is not really appropriateto fit datathatlie nearlyon a
straightline.
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Table 10.2 Excerptsfrom Simplex ProgramOutput Usedto Carry Out CurverFitting of the
SimulatedDatafrom Table10.1.

IterationNumber 518 776 1134 1571

Sumof square®f residuals  0.1870 0.15600 0.14300 0.13600
k 21.8600 42.13000 88.90000 164.30000
g 0.1225 0.06357 0.02959 0.01618
n 0.7575 0.70700 0.68330 0.66840
kg 2.6780 2.67800 2.63100 2.65800

Note Thefunctionfitted was

Y = (1/2)kIn(1 + gX") .
We may observefrom this tablethatthe sumof square®f residualsdiminishedwith progressive
numberof iterations(of coursg, but the decreasevas quite small over 1000 iterations(27%).
Over the same1000 iterations the value of n changedby only about12%. However k and g
eachchangedby a factor of 7.57. In fact, k and g 2tradedoff® in valuewith eachother, sothat
the product kg, remainednearly constantat 2.65, asrequiredby the Taylor series(10.6). The
simulateddataare plottedin Figure10.1, togethemwith the2bes® and®poorest fitted functions
(sumof squares= 0.136 and 0.187 respectively. It may be seenthat despitethe considerable
differencesin parameteralues the fitted curvesare nearly superimposedver the rangeof the
data

Let us considerfirst the dataof Stevensfor tasteof NaCl solutions(Figure 8 of Stevens 1969),
Figures3.1aand3.1b. Supposdhatwe first usethe dataof Figure3.1a andfit InF vs. In| to a straight
line by leastsquaregegressionMost of us haveaccesdgo a scientific handcalculatorthat will do the
job easily From Equation(10.9), the slopeof this straightline providesthe valuefor n. Supposgnow,
we usethe dataof Figure3.1b, andfit F vs. Inl to a straightline. From Equation(10.5) we seethatthe
slopeof this line is equalto %kn andits F-interceptis equalto %k Ing Sincewe havedeterminedhe
valueof n from thefirst graph we canobtainthe valueof k from the slopeof the secondgraph With k
determined we can calculatethe value of g from the interceptof the secondgraph However the
systemis 2overdetermine¢? sincetheinterceptof thefirst straightline is equalto In(% kg). Thevalue
of this interceptmay be checkedagainstthe already determinedvaluesof k and g Usually some
adjustmentof valuesis necessaryo obtain a compromiseposition When| assignsuch problemsin

5.51
5.0

45 Y=(1/2)16431n(1+0.01618 X *°%%)

4.0

Y = (1/2)21.86 I n (1+0.1225 X ©757%)

-
o

T T T T T

1 2 3 4 5 6 7 8
X

Figure 10.1 Numerical exampleof Table 1. Two curvesfit a set of simulateddata points
nearly equally well, despitethe fact that the parameter®f the two curvesdiffer considerably
The curves are obtainedfrom a fit to the entropy function (10.3). This demonstrateghe
difficulties encountereadvhenpointsthatlie nearlyon a straightline arefitted by a functionof 3
parameters
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Figure 10.2 Dataof S. S. Stevens(1969). Natural log of subjectivemagnitudeof taste of
sodium chloride solutions plotted againstnatural log of percentconcentrationby weight of
NaCl. The entropyequationin the form of Equation(10.3) hasbeenfitted to the datg andthe
resultingcurvehasbeenplotted

F = (41.31/2)In(1 + 0.09995 | 1483)

Comparewith the PBSandWF laws plottedin Figures3.1a andb respectively Notice how the
deviationof the datapointsfrom a straightline on thefull log plot is embracedaturallyby the
entropyequation

curvefitting to my students they usually attack the problemin the mannerdescribedabove and
emergewith quitereasonabl@andconsistentaluesfor thethreeparameters

Alternatively, one canusea computerprogramthat fits non-linear functionssuchas (10.3) by a
processof 2hill-climbing,° using the leastsquarescriterion My own favorite is a downhill simplex
routinethatwill provideagoodfit of Equation(10.3) to the datawith a few minutes executiontime on
a PC. This methodwas devisedby Nelderand Mead in 1965, but good renditionsin Fortranand C
computeranguagesanbefoundin Pressetal. (1986, 1988), anda clearexplanationof the algorithm
togetherwith a listing of a simplex programin Pascalis given by Caceciand Cacherisin BYTE
magazing1984).

o
o

»
3}

w
3}

LOG MEAN MAGNITUDE ESTIMATE
»H
<)

104 105 108 107 108 10°
INTENSITY

Figure 10.3 Dataof LuceandMo (1965). Naturallog of meanmagnitudeestimateof intensity
of a 1000 Hz tone (subject9) plottedagainstiog of soundintensity. The reademmay observein
LuceandMo's Figure 2 how the dataon a log-log plot deviatecharacteristicallyfrom a straight
line. Thecurvatureis capturedby the entropyequation

F = (113.1/2)In(1 + 0.03131 | 028%) |

Information SensatiorandPerceptionO KennethH. Norwich, 2003.



10. Derivation of the Law of Sensation 107

Figure 10.4 Dataof Luce and Mo (1965). Natural log of meanmagnitudeestimateplotted
againstnaturallog of lifted weight (subject6). The deviationof the plotteddatafrom a straight
line onalog-log plot for all 6 subjectds very clearlyseenin LuceandMo's Figure3. Thefitted
entropyequationis:

F = (1040/2) In(1 + 0.0003022 | 14%) .

Equation(10.3) wasfitted to Stevens NaCltastedata(logF fitted againstlog right-handside of
(10.3)) by the simplexmethod andthe resultis shownin Figure10.2. Thefollowing parameteralues
wereobtained k =41.31, g = 0.09995, n = 1.483. Thevalueof theexponentn, is, of course similar to
the value one would obtainfrom a simple regressiorline to a log-log plot. The value of the scaling
constantk, will takeon muchmoresignificanceto usafterwe haveexploredthe procesf adaptation

Much of the publisheddatarelating F with | do not exhibit enoughcurvaturein a log-log or
semilogplot to permitrobustestimationsof k andg A numberdo, however asin the examplegiven
above

Figure 10.3 showsthe entropy function fitted to the auditory dataof Luce and Mo (1965). The
following parametersvere obtainedby a leastsquaregprocedurek = 113.1, g = 0.03131, n = 0.2896.
Again, the value of the exponentn, is in accordwith the value of 0.3 which is usually quotedfor

Figure 10.5 Thesedatawere digitized approximately from Moskowitz (1970b), Figure 1.
Naturallog of sweetnessf sucrosés plottedagainsiog percentsucroseby weight Theentropy
functionis

F = (24.6/2)In(1 + 0.0126 1293) .
The deviation of sucrosedata from a straight line is seem perhaps even more clearly in
MoskowitZ s earlierpaperof the sameyear(1970a), Figurel.
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audition Figure 10.4 demonstrateshe fit of the entropy equationto Luce and Mo's dataon lifted
weights The parametewvaluesare k =1040, g = 3.022 x 104, n = 1.499. Datafor meanmagnitude
estimatesof sweetnes®f sucrosewere estimatedrom a graphprovidedby Moskowitz (1970b), and
the resultsare shownin Figure 10.5. Thesedata are somewhatmore approximatethan the others
Parameterfor the entropyfunctionare k = 24.6, g= 0.0126, n = 2.03. Thevaluefor nis alittle greater
thanthevaluethatwould havebeenobtainedrom the usuallog-log plot.

Thereis magicin the valuesof the constantk, but to sampleits enchantmenyou mustremain
apprenticeo this sorcereffor atleastonemorechapter(or elsecheatandjump aheadbutyou mayfind
yourselfin deepwatet).?

MEASUREMENTSOFTOTAL NUMBERSOFACTION POTENTIALS

WhenF is interpretedas the impulse or action potentialfrequencyin a nervefiber, the integral
(‘ith gives the total number of impulses that will be recordedin the interval t, following

administratiorof the stimulus Integratingequation(10.1) with respecto t,

OFdt = ALKIn(L +bIM/t)dt
= 2ktIn(1+bI"/t) + 2kb1"In(bI" +1t) + constant (10.14)

We cannow evaluatethe parameter®f the entropyfunction (10.1) by curvefitting Ci Fdt to data

thatrelatetotal numberof impulsesto stimulusintensity A recentexampleof this type of experiment
is providedby DuchampViret etal (1990), who measuredhe responsen olfactory bulb neurongo the
four stimuli, DL-camphor anisole DL-limoneneandisoamylacetate The numberof impulsesin the
interval 0 — 500 msfollowing onsetof the stimulusfor 2all stimuli together... pooledasa function of
concentratiof were plotted againstconcentrationin their Figure 9A. Equation(10.14) wasfitted to
their datg andtheresultis shownin Figure10.6. Notethatno furtherincreasen totalimpulsesper500
msoccursfor valuesof log,,| greatetthanabout-2. This saturatioreffectis notembracedy Equation
(10.1), which doesnot recognizeany physiological upper limit for the variable I. Otherwise the
curvefit is quitegood Parametevaluesarek = 59.0, b = 6.91 x 104, n= 1.15.

| submithere in conclusion a brief andquite approximateanalysisof the mechanoreceptiodataof
Wernerand Mountcastle(1965). | am not surethat their stimuli, which were repeatedndentationsof

Figure 10.6 Theintegralof the entropyfunctionwith respecto time givesthe total numberof

impulsesexpectedvera giventime interval This integral given by Equation(10.14), hasbeen
fitted to the observedtotal numberof impulsescountedin the interval 0 — 500 ms in an

olfactory bulb neuron asreportedby DuchampViret, Duchampet al. (1990). The fitted curve
(solid line) conformsreasonablywvell to the datg but will not show?2saturatiofi for high values
of concentrationParametersaluesfor thefitted curvearegivenin thetext
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skin, qualify as simple @intensities® but the analysisoffered below is easyand the resultsare quite
striking.

A tactile probewasusedto stimulatethe skin of catsandmonkeys A train of 30 ® 50 stimulusof
strength |, weredeliveredatintervalsof 3 - 5 s. Intensitywasmeasuredn micronsof skin indentation
The sensoryreceptorsare mechanoreceptorandimpulseswere countedin a singlemechanoreceptive
fiber. The total numberof impulseswere countedfor a numberof time intervals suchas 20, 50, 100,
250, 500 and 1000 ms. Werner and Mountcastlethen plotted the logarithm of the total number of
impulsescountedagainstthe logarithm of skin indentationin microns Their result was a seriesof
nearlyparallelstraightlines (their Figure 10). To analyzethesedats it is simplerto useanapproximate
form of the entropy equation similar to Equation(10.8). Expand(10.1), again in a Taylor series
retainingonly thefirst term

F=1kbI"t. (10.15)

Supposehatthe stimulusbeginsatt = 0, andthefirst impulseis registeredatt = t,. Thenwe have
d

§ Ft = d LkbIVtdt = LkbI™In(t/to) . (10.16)

This integral is approximatelyequalto the total numberof impulsesin the time interval t, to t.
Takinglogsof bothsides

In (3 Fdt = ninl +In[ LkbIn(t/to) ] . (10.17)

We seethatif In d Fdt is plottedagainstin | for a given, fixed valueof t, the resultexpecteds a
straightline whoseslopeis equalto n. Theinterceptof this straightline is givenby

InK = In[%kb In(t/to)] = intercept (10.18)

Measuredvaluesof the quantity, K, havebeentabulatedoy WernerandMountcastlein their Table
1. Fort = t4, letK = K3. Then from (10.18),

K= (Ki- Lkblinty)+ %kb Int. (10.19)

Thus from Equation(10.18), K = exp (interceptof straightline) is a linear function of Int, a
relationshipwhich canbetested

Figure 10.7a Mechanoreceptodataof Wernerand Mountcastle(1965, fiber 23, Figure 10)
have been representedschematically Log;o of meantotal number of impulsesin a single
mechanoreceptivéber havebeenplotted againstthe log,, of stimulus(skin indentatio). The
resultis a seriesof nearlyparallelstraightlines. Thetotal durationof the stimulationis indicated
attheright-handsideof eachline. The slopeof the straightlinesis, by the entropytheory, equal
to theexponentn, in thelaw of sensation
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Figure 10.7b Thestraightlinesin Figure10.6a havethegeneralkequation

log,, meannumberof impulses= nlog,, skinindentationt+log, K . (10.17)/ (10.18)
In this graph K (not log,,K) is plotted againstlog t, wheret is total durationof stimulation
From Equation (10.19), these3 points are expectedto lie on a straightline, which they do
approximate

Sincetheimpulseratein WernerandMountcastlés studyequilibratedafterabout150 ms (author$
Figure 4), only summationtimes equalto or lessthan 150 ms can be usedin Equation(10.16). (We
could of course modify (10.16) to allow for equilibration) The three straightlines for fiber 24-3
(shown also in the author$ Figure 10), correspondingto t = 20, 50, and 100 ms are drawn
approximately in Figure (10.7a). The K-valuesfor thesestraightlines (obtainedfrom the authors
Table1) areplottedagainstnt in Figure (10.7b). We seethatthe threepointslie nearlyon a straight
line, aspredictedby Equation(10.18). Thatis, the entropyequationhasshownthatthe dataof Werner
andMountcastlein alog-log plot will lie on a seriesof parallelstraightlines (asfound experimentally
by theseauthor3, whoseslopeis equalto the power function exponent and whose interceptsare
proportional to In(t/t,). This analysis cannot be pushedtoo far. Equation (10.15) is only an
approximationof (10.1), and no allowancehasbeenmadefor the spontaneousring rate of about6
impulsespersecond

THE PERCEPTUALVARIABLE

Thevariable F, hasbeentermeda2perceptualariable® butwhatarethe criteriafor selectingsuch
a variable? | haveused variously, magnitudeestimates categoryscales and neuralimpulserates |
supposeéhatl amsearchingor any quantitythatnatureappeardo useasa measuref entropy H. That
definition may not be adequatebut it is the bestl canoffer at this time. Neitheris the list exhaustive
For example for the senseof audition neuralimpulseratemay not, in itself, beanadequateneasuref
H. Intensityof soundis mediatednorestronglyby the numberof nervefibersthatarefiring thanby the
frequencyof impulsesin a givenfiber (CorenandWard 1989). Perhapsin this case numberof fibers
firing is an appropriateperceptualvariable® For a review of the 2Doctrine of Correspondenée
(psychophysicato neurophysiologicalthe readeris referredto Marks (1978, pp 164-170). We shall
beginto distiguishtheoreticallybetweerF(neuronal andF(psychophysicalin Chapterl3.

Within an evolutionarymode| one might saythat sensorysystemsevolvein a mannercompatible
with the equationF = kH. Thatis, nature usingthe evolutionaryprocessrefinessomephysiological
mechanisn(neuralfiring rate numberof fibersfiring, evenelectricor magneticfield strengthy which
encodeghe stimulusentropy Whenwe havediscoveredhe identity of F by mathematicameansfor
somemodality, we maythendesignatet asa?perceptualariable®
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UNIFICATION

We recall Equation(3.17), wherea unifying sensoryfunction, F = F(l, t), washypothesizedThis
hypothesizedfunction is now identified with the function given by Equation (10.1). The unifying
functionhasnow achievedts first goat by settingt = tY= constantwe obtain from Equation(3.18),

F=F(1tY,

whichis identifiedwith Equation(10.3), which, in turn, is theunified law of sensation

We observethatby settingt = constantanddefininga new constantg, in Equation(10.2), we have
effectively removedassumption(4) (Chapter9), the assumptionof constantsamplingrate As we
continueto userestrictedforms of the H-function obtainedby settingoneor anothewariableequalto a
constantwe selectivelyremovea correspondingssumptiorfrom thelist of six.

HISTORY

We havespokenbriefly aboutFechners law in Chapter3. This relationshipbetweenstimulusand
responsdéormswhat Fechnetermed®outerpsychophysic8 However Fechnerlsowrote about?inner
psychophysic8 in which he conjecturedthat in the nervoussystemthere exist internally generated
oscillators andthat the sensatiorresultingfrom someexternalstimulushadto superimposaétself, in
someway, upon theseinternal oscillations* Such considerationded Delboeuf (1873) to suggesta
modificationof Fechne'rs law of the form

F = klog(L+1/1n), (10.20)

wherel, is producedasaresultof internalneurologicalctivity.

Delboeufs equationis mentionedhere becauseof its clear resemblanceo the entropy equation
(10.3). Onecannotbut observethe similarity in Delboeufs insertionof I, to the requiredincorporation
of s in the information equation Where Delboeuf has used log(1+1/1,), we have used the
information log(1 + s%/s3), which we might write as log(1+1"13) [being careful about the
interpretatiorof Ig].

We seein Chapter12 that Bekesy(1930) utilized a similar function in his attemptto account
guantitativelyfor the resultsof Knudsenon differential sensitivity, DI /1, of audition Bekesyattributed
thederivationof the equationto Alfred Lehmann(1905).

The theoreticalwork of Rushton(1959) usingdatameasuredy Fuortes(1959) is alsonoteworthy
Working with membraneesistancen the eccentriccell in the eyeof Limulus(crab, Rushtonobtained
thefollowing equationempirically.

Ro- Ri = 2log,(1+251), (10.21)

whereR, is membraneresistancean responsdo light intensity, I, and Ro the resistancan the dark
Rushtongoeson to speculaté?... further, R, will be a linear function of impulsefrequency...° This
equationalsois of the samegeneraform asthe entropyEquation(10.3).

NOTES

1. Mustc alwaysbeequalto 1 if Resnikoffs Equation(2.21) is to agreewith Equation(2.20)?

2. Suchwas of course thelessontaughtby Goethe

3. Sincesoundintensitiesin the rangeof humanhearingvary by a factor of about10*°, recruitment
of fibersis, in itself, unlikely to mediatdoudness

4. For abroadexaminatiorof Fechne'rs contributions seetherecentreviewby Murray (1992).

Q (2003 ed note The story of Delboeufandhis equationhasnow beenpublishedby Nicolasand
Murray: Nicolas S andMurray, D.J. The psychophysic®f JR-L Delboeuf(1831-1896), Perception
26, 1297-1315, 1997.
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