
CHAPTER 14

ODDSAND n’s, AND THE MAGICAL
NUMBER LOG (2p) BITS OF
INFORMATION

RETROSPECTIVE: THE GENEALOGYOFF = kH

With this chapter, we cometo anendof the“Validation” block in theflow diagramof Figure1.2. It
is, perhaps, usefulto takeinventoryof whathasbeenaccomplished.

Equation (2.6), F = kH, has been put forward by way of a postulate, relating the perceptual
variable, F, to theentropy, H. Usinga simplemodelof thestimulussignal, wederived

H = H(b, n; I, t ) = 1
2 ln(1 + bIn/ t ) .     (9.19)

CombiningEquations(2.6) and(9.19) gaveus

F = F(k, b, n; I, t ) = 1
2 kln(1 + bIn/ t ) .     (9.20)

In Chapters10 through13, we subjectedEquations(9.19) and (9.20) to a seriesof mathematical
operations, and, bearingin mind the interpretationof H as an information, deriveda host of laws of
sensorysciencethat had earlier been observedexperimentallypurely as empirical rules. We also
derivedtheoreticallya numberof lawsthathavenot beenobservedexperimentallybut might well bein
the future. Schematically, muchof thesechaptersmight be summarizedas in the “Genealogy” charts
thatfollows (p. 165-6).

F JUSTABOVE THRESHOLDFORDETECTION: DISTINCTION BETWEEN
F(PSYCHOPHYSICAL) AND F(NEURAL)

We continuehereour discussionof “F at thethreshold,” begunin Chapter9. TheequationF = kH
must be scrutinizedat small valuesof H. The theory, as developedin Chapter13, requiresthat a
minimum quantity of information, DH, be received by the receptor before the perceiver
(psychophysically) reachesthe thresholdof detection. Clearly, then, for H < DH at the receptor, we
musthaveF(psychophysical) = 0. Weseemto beled to theposition:

F(neuronal) = kUH(b; I, t ) ,     (2.6) / (14.1)

but

F(psychophysical) = k H(b /x; I, t / x), if H(b; I, t ) ³ DH ,

= 0 otherwise,     (14.2)

where x is the time dilatation factor introducedin Equation(13.28).1 Equation(14.2) is written is
contradistinctionto

F(psychophysical) = k[H(I - I0 , t )] ,     (14.3)
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THE GENEALOGY OF F = kH

whereI0 is thestimulusintensityfor thresholddetection. Thereis no supportfor Equation(14.3) that is
evidentwithin entropytheory.

If DH were a ªcrispº constant, involving sensory neurons acting precisely in concert, the
relationshipbetweenF(neuronal) and F(psychophysical) would be as sketchedin Figures14.1a and
14.1b. However, sucha model is simplistic. We havebeenproceeding, hitherto, usingthe simplifying
assumptionthat many sensory neurons act precisely in parallel to produce the conscious or
psychophysicaleffect. Allowing for slight asynchronyin the behaviorof the parallelsensoryneurons,
and slight variation in the magnitudeof the threshold(say DH ± . , where. << DH), we would then
expecta somewhatblurredpeakto the psychophysicaladaptationcurve, asshownin Figure14.1c. In
this way we can accountin a qualitativemannerfor the early rise found in adaptationcurvesof the
psychophysicaltype.
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THE GENEALOGY OF F = kH (Continued)

In Figure14.1c, we havea semi-quantitativeexplanationfor thewell-knownBroca-Sulzereffect: at
high light intensity(luminance) levels, themomentarybrightnessshortlyaftera flashof brief duration
(0.03 to lessthan1.0 s) appearsgreater(asmuchasfive-fold) thanthebrightnessof a maintainedlight
stimulus(1 secondor more) of thesameintensityastheflash. Thecurveof Figure14.1c is of thesame
form as thosein Figures5 and 6 of Broca and Sulzer’s original paper(1902), which we can now
interpret as adaptation curves. In fact, applying Equation (11.10) for adaptation data to the
Broca-Sulzer curvesof greateramplitude(far from threshold) providesan estimateof information
transmittedperstimulus. Forexample, for Figure5 wehave, approximately,

information = log2 0.5/0.03 = 2 bits/stimulus.

Again, we haveuseddurationof stimulusasanapproximationof time sinceonsetof stimulus, the
variableusedin theentropyequation.

Information, SensationandPerception. Ó KennethH. Norwich, 2003.



14. Oddsandn’s 167

Figure 14.1 a&b (a) Schematicof a neuronaladaptationcurve. The curve was generatedby
Equation (11.3), F = kH = 1

2 kln(1 + bIUn/ t), with k = 10 and bIUn = 1.5. to, the earliest
neuronal response, occurs at 1 unit of time. DH, the total information transmittedby this
adaptationprocess, can be determinedusing the methods discussedin Chapter 11. The
information transmitted by the portion of the curve illustrated is, then, equal to
- 1

2 ln[(1 + 1.5/10) / (1 + 1.5/1)] = 0.388 naturalunits.
(b) Psychophysicaladaptationcurvederivedfrom theneuronalcurveof Figure14.1a by useof a
ªtime dilatationº factor, x = 0.01 (seeBox 13.1). That is, using Equations(B.2a) and (B.2b)
from Box 13.1, we write b(psychophysical) = (1/x)b(neuronal) = 100b(neuronal), and
to(psychophysical) = 100to(neuronal). Therefore, this curvewasgeneratedby Equation(11.3)
with k = 10 and bIUn = 1500, beginning with to = 100 time units. We note that the
psychophysicaladaptationcurveis identicalin shapeto theneuronalcurve, but shiftedforward
in time, andspreadout in time. We notealsothat thepsychophysicalcurvedoesnot beginuntil
information, DH, hasbeentransmittedby theneuronalcurve. That is, to(psychophysical) > 10
timeunits. Theinformationtransmittedby thepsychophysicalprocessis equalto

- 1
2

ln[{ 1 + (1.5) (100) /1000} / { 1 + (1.5) (100) /100} ] = 0.388

naturalunits, asbefore.
Figure14.1a andb arein keepingwith theexperimentalfindings: neuronaladaptationprocesses
occurrapidly following stimulusonset, while psychophysicalprocesses(consciousawarenessof
the stimulus) aredelayedin time anddilatedin time (cf. Chapter13). Both typesof adaptation
curve, when analyzedby the methodsof Chapter11, yield the samevalue for transmitted
information.
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Figure 14.1c Schematic. Recallingthat no consciousawarenessof the stimulusbeginsuntil
the neuronaladaptationprocesshas transmittedits capacityof DH units of information, and
allowing that thepsychophysicaladaptationprocessrelieson inputsfrom a numberof neurons,
theremaybea rangeof thresholds, DH ± . , which would havetheeffectof bluntingthecurveof
Figure14.1b to give thiseffect. Curvesof this typehavebeenobservedexperimentally.

Equation(14.2) is still, in itself, not adequatebecauseit presupposesthatwhenthereceptorfinally
receivesinformation, DH, the psychophysicalresponseªjumpsº suddenlyfrom zero (imperceptible
stimulus) to kH(I, t / x), which maybesubstantiallygreaterthanzero. Suchjumpsat thresholdarenot in
keepingwith experience. Werequire, therefore, somethinglike1

F(psychophysical) = k[H(b /x; I, t / x) - DH], if H(b /x; I, t / x) ³ DH

= 0 otherwise,     (14.4)

in keepingwith Equation(9.22) and with the findings of Lochnerand Burger (1961). This equation
lookscomplicatedbecausewe areusingneuronalb- andt-valueswith thetime-expansionfactor, x; but
theequationjust statesthat

F = k(H - threshold), if H ³ threshold

= 0 otherwise.     (14.4a)

This equationis struckby way of conjecture, becauseit eliminatestheªjump startº of sensationand
it seemsto encompassmuchthatwe havelearnedaboutneuronal/ psychophysicalinformationreceipt.
Thereare, however, insufficient dataavailableto test and refine the equation. So I leaveit with the
readerasthestateof theart in theautumnof 1992.

EXPANDING THE HORIZONSBEYOND ªINTENSITYº AND ªDURATIONº

The sole independentvariablesusedin the current theoreticaldevelopmentare intensity of the
stimulus(regardedasconstant) andtime sinceonsetof the stimulus. The cardinaldependentvariable,
theentropy, H, hasbeenregardedasa functionof thesetwo variablesonly. While I think mostreaders
would agreethat the initial mathematicaldevelopmenthasbeencomplicatedenoughwith just these
two independentvariables, therewould also be tacit agreementthat the experienceof sensationand
perceptionis considerablybroaderthansingle, monochromaticstepfunctions.

Therearemanydirectionsin which the entropicview of perceptionmight be extended. We have
seenin thepreviouschapter, for example, how simplereactiontime is affectednot only by theentropy
of stimulus intensity, but also by the entropy of stimulus onset time (Klemmer’s ªforeperiod
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variabilityº). We havealso seenthat the entropyof the complexity of a task (Hick) affectsreaction
time. Sotheentropyof stimulusintensityis just onedimensionof a multidimensionalphenomenon.

We haveregardedtheªlaw of sensation,º F = F(k, b, n; I) [t constant], asa functioninvolving only
threefixed parameters, k, b, andn, which is an egregiousoversimplification. Even if we confineour
attentionto single, constantstimuli of physicalmagnitude, I, disregardingmaskingstimuli andthelike,
threefixed parameterswill not suffice. Marks andWarnerhaveshownbrilliantly (1991) how context
affectsF, not just marginally, but emphatically, wherecontextrefersto theensembleor setof possible
stimulus values. Lockhead(1992) emphasizedthe importanceof ªassimilationº [subject’s valuesof
F(psychophysical) tend to reflect the value of F in the trial just preceding]. So the constrained
dependencyof F on just 3 parametersand 2 independentvariablesconstitutesonly a simplified
beginning. I believethat the F = kH conceptwill matureonly when investigatorscarry it with them
into thelaboratory, anddesignexperimentsto testandexpandit.

In Chapter17, we shallexplorevariousotherextensionsandapplicationsof theentropyconceptof
perception.

THE EXPONENTn

I mustconfessto a certainantipathy2 towardthis exponent, n. I believeI haveharboredthis feeling
of ill will eversinceI found it necessaryto introducetheexponentby meansof theempiricalequation
(9.14). After all, oneof thereasonsfor developingtheH-functionwasto to beableto replacea hostof
empiricalequationswith equationsthatwerelogically derived. And here, at thevery baseof thelogical
derivation, is just thesortof equationI wastrying to getrid of.

ªBut no matter,º I reasonedslyly. ªI’ ll just hide the unsavorylittle n, multiplied anddivided by a
hoardof otherparameters(you’ve heardof the ‘ lumpedparametermodel’ ; everybodyusesthem) in a
new, synthesizedparametercalled ‘q’ or ‘L 2’ (Greeklettersalwayslend an air of authority to your
parameters), andno onewill everseethen again!º But, asthe fateswould haveit, the little demon, n,
keptescapingfrom its parametricprison. No soonerwould I bury it in a compoundparameter3 (kn = a,
Equation(10.5, 10.5a)], then it would resurrectitself to standalonein the Weberfraction [Equation
(12.6)), andannounceits primacyon theplateauof theWeberfractionin Equation(12.27):

n � ln(rangeof plateau) S 2dH S 3.5 naturalunits,     (14.5)

or

rangeof plateauS e3.5/n .     (14.6)

I would hide its light undera bushelin Equation(13.6), makingImin the primary variable, only to
find that then hadimmolatedits bushelto appearagainasa stand-aloneparameterin theequationfor
simplereactiontime (Equation(13.7)), andin Piéron' sequation(13.14).

Would no onerid meof this troublesomepower? I laid awakenightsplotting, but my graphscame
to naught.

If Equation(9.14) hadbeenbornof themarriageof logical ancestors, I would haveno objectionto
the numerousnessof its progeny. But the birth of n in the illegitimate cauldronof empirical iniquity
rankled me to my puritanical roots, as I suffered again its brazencountenancein the form of a
fundamentalvariablein theBlondel-Reyconstant(Equation(13.42)).

How far couldn drift from its humbleorigins in thepowerlaw of sensation? At leastasfar asthe
slopeof the straightline in the Ferry-Porterlaw (Equation(13.51)). And, of course, the approximate
law of olfactorythresholdswouldhaveto be

n � pol = k .     (13.55)

Well, if we cannotdisplacen, then more power to it! Let' s explorevariousappearancesof the
exponentn to seeif its numericalvaluesareconsistentwith eachother. In particular, let' s explorethe
valuesof n measuredfor thesenseof hearing.
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THE EXPONENTn AT VARIOUS AUDITORY FREQUENCIES

We have learnedthat thereare valuesof the exponent, n, that are characteristicof eachof the
modalities of sensation. The measuredvalue of n is, moreover, modulatedwithin a modality by
numerousfactorssuchas the modeof measurement[magnitudeestimationvs. magnitudeproduction
(e.g. Meiselmanet al., 1972)], and the durationof the stimulus (e.g. Ueno, 1976, showsthat n for
vision falls by a factor of about40% for brief stimuli). The valueof n for intensityof puretonesalso
changeswith the frequencyof the tonetested. In classicalpsychophysics, n canbe measuredonly by
carrying out an experimentrelating subjectivemagnitudeto physicalmagnitude(law of sensation).
However, becauseof theappearanceof theexponent, n, in manyof theequationsof theentropytheory,
we are afforded the meansof estimatingthe value of n by various techniquesthat do not involve
subjectivemagnitudes. One of the potential applicationsof the entropy theory of perceptionis this
objective (or more objective) meansit providesfor the evaluationof the power function exponent.
Comparing the psychophysicalwith the entropic evaluation of n for audition provides a further
experimentaltestof thevalidity of theentropytheory.

Let usexaminethreewaysby whichn canbemeasuredat differentauditoryfrequencies.

(i) Measuringn for puretonespsychophysicallyfor manyfrequencies

One could, of course, proceed as follows. At 1000 Hz, measuresubjective magnitude, F,
correspondingto many different physical magnitudes(sound intensities), I; plot lnF vs. ln I, and
calculaten(1000). Thenrepeattheprocessat 2000 Hz to obtainn(2000), etc. Equivalently, onecantake
advantageof chartsand tablesof equal loudnesscontours, suchas thoseprovidedby Robinsonand
Dadson(1956), a techniquethatwasusedby LochnerandBurger(1962). In this method, onemeasures
F vs. I only once: for 1000 Hz, giving n(1000). RepresentthesemeasuredF-valuesasF(I1000) (seesone
vs. phon, Evans, 1982). For example, whenI1000 = 80 dB, F(I1000) = F(80 dB) = 15 sonesof loudness
(say). Usingtheequalloudnesscontours, onecanthenfind for 2000 Hz the intensities, I2000, for which
loudnessis equalto F(80 dB). This soundsmorecomplicatedthanit really is. A glanceat Table14.1
shouldclarify the issue. Anyway, in this manner, we canplot a graphof lnF(I2000) vs. ln I2000, whose
slope is equal to n(2000). In similar fashion, we can obtain valuesof n for all frequenciesin the
physiologicalrangeof hearing, usingonly onesetof measurementsof loudness. A graphof n vs. tone
frequencymeasuredusing equal loudnesscontoursis given in Figure 14.2. The slopes(valuesof n)
werefoundby curve-fitting usinga simplexprogram.

(ii ) Measuringn for puretonesusingtheWeberfraction

TheWeberfractionsmeasuredby Riesz(1928) for auditionarewell describedby Equation(12.6),
which givesvaluesof DI / I asa functionof n. In fact, Equation(2) of Riesz, which heusedempirically
to describehisdata, is identicalwith ourEquation(12.6):

DI / I = (2DH/n) + (2DH/ng) (1/ I )n .     (12.6) / (14.7)

Table 14.1 Plotting loudnessagainstintensity for different frequenciesusing equal loudness
contours

I 1000(dB) I 2000(dB) F(I 1000)

10 7 Loudness1

20 17 Loudness2

.... ... ...

120 110 Loudness12

Note: Thethird columnlists loudnessesmeasuredto correspondwith thesoundintensitieslisted
in column 1 (for 1000 Hz). The secondcolumn lists (for 2000 Hz) soundintensitiesthat are
equally as loud as thosecorrespondingin column 1, obtainedfrom a graphor table of equal
loudnesscontours. We could proceedin this fashionto constructa columnfor everyfrequency
desiredin thephysiologicalrange. Plottingtheloudnessesin theright-handcolumnagainsteach
of the other columnsin the table, in turn, providesa set of curves, eachdefining the law of
sensationatacertainfrequency.
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Figure 14.2 The exponent, n, for audition, plotted againstfrequencyof pure tones, by three
independentmethods.
(i) Front curve. Rieszmeasureddifferential thresholds(Weberfractions) for a rangeof auditory
frequencies. He fitted his dataempiricallyto anequationthatwe identify asour Equation(12.6),
giving differentialthresholdsasa functionof n. Hence, we canplot n asa functionof frequency.
(ii ) Middle curve. Chochollemeasuredsimplereactiontimesfor a rangeof auditoryfrequencies.
By fitting his datato our Equation(13.7), we canfind a valueof n for eachfrequency. (iii ) Rear
curve n is measuredpsychophysicallyfor pure tonesof 1000 Hz. n is calculatedfor other
frequenciesusingequalloudnesscontours.

Riesz, usingthesymbolE for our I, wrote

DE / E = S¥ + (S0 - S¥ )(E0/ E)r .     (14.8)

By comparingEquations(14.7) and(14.8) we seethat Riesz' s r is equivalentto our n. Rieszgave
empiricalequationsfor eachof S¥ , S0, andr asfunctionsof frequency, f. We includetheseempirical
equationsherefor thesakeof completeness.

S¥ = 0.000015f + 126 /(80 f 0.5 + f ) ,     (14.9)

S0 = 0.3 + 0.0003f + 193/ f 0.8 ,     (14.10)

and, mostimportantly,

n = r = 244000
358000f 0.125 + f 2 + 0.65f

3500 + f
.     (14.11)

SinceRieszmeasuredtheWeberfractionfor a wide rangeof frequencies, f, we can, usingEquation
(14.11), obtainvaluesof n at any frequencywithin this range.4 Thesevaluesof n areplottedagainst
frequencyin Figure14.2.

Justa word on Riesz' s placein history. Despitetherelativelyearlydateof his work (1928), Riesz' s
resultsfor a singlefrequencyhavedefinitely beenreproducedby later investigators. In particular, the
readeris referredto Harris (1963, ExperimentIII : A Repetitionof Riesz), andto thecomparisonof six
groupsof investigatorsshownby McConville et al. [1991, Figure4(b)]. Thereis, however, somedebate
aboutwhetherDI / I changesasradically with frequencyasRiesz' s dataindicate. Rieszuseda method
of beatsto determineDI, while otherinvestigatorshaveuseda pulsedtonemethod(suchasmethodII
of Chapter12). Thelattermethodmayhaveproducedthemutingof thefrequencyeffect thatRieszhad
discovered. Thepulsedtoneresultsarecontrastedclearlywith thebeatresultsasshownby Gulick et al.
[1989, Figure(10.9a)].

I alsoremindthereaderthat themathematicalmethodusedto derivethe theoreticalexpressionfor
theWeberfraction in entropytheory, Equation(12.6), utilized a small changein intensity, DI, without
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introducingany adaptationeffect (t was held constant). That is, it was a quasi-static methodand as
such, it matchedRiesz' s experimentalmethodratherclosely, which probablyaccountsfor the nearly
exactmatchingof thenumericalresults.

(iii ) Measuringn for puretonesusingsimplereactiontimes

We mayseefrom Equation(13.7), thatsimplereactiontime is expressedin termsof theparameter
n. Therefore, by measuringsimplereactiontime asa functionof I for eachfrequencyof interest, 50 Hz,
100 Hz ... we obtain, by curve-fitting, measuresof n(50), n(100) ... Fortunately, Chocholle(1940)
publishedjust suchdatagiving simplereactiontime vs. intensityfor manyfrequencies. Equation(13.7)
wascurve-fitted to Chocholle' s dataat eachfrequency, usinga simplexoptimizationprogram, andthe
resultinggraphof n vs. frequencyis shownin Figure14.2.

Fromtheªribbongraphsº in Figure14.2, onecanseethattheexponent, n, variesin valueacrossthe
rangeof auditoryfrequencies, andthegraphof n vs. frequencyis quitesimilar whenmeasureddirectly
by psychophysicalmeans, or by meansof differential thresholds, or by meansof simplereactiontimes.
There are differencesbetweenthe curves, but I think that the general concurrenceof n-values
constitutesa very powerfulexperimentaltestof theentropytheory. Moreover, asstatedabove, it opens
thedoor to moreobjectivemeasurementsof n for auditionusingtechniquesthatdo not involve theuse
of subjectivemagnitudes.

AN INTENSITY-FREQUENCYFORMULATION OFTHE ENTROPYEQUATION
FORAUDITION

Our objectivein this sectionis to try to discoveran equationthat gives two subjectivemeasures,
loudnessand pitch, as a function of the independentvariables intensity and frequencyusing the
informational approach. To my knowledge, no mathematicalrelationshiphas been discoveredby
anyone, experimentallyor theoretically, which achievesthis goal. We do not achievethe goal here
either. However, I shallpresenta rathernaturalreinterpretationof theentropyequation(9.20) thatmay
carrysomepromisefor anavenueof approach.

A steadypure tone can be describedcompletelyonly when its amplitude, frequency, and phase
havebeendefined. Theintensityof thetoneis relatedto its amplitude, andthis is theonly featureof the
tone we haveconsideredhitherto. However, a rathernaturalway to incorporatefrequencyinto our
entropic formulation is to regard t, the time variable, not as the time since onsetof the auditory
stimulus, but ratherasanapproximationof thedurationor periodicityof thedominantwaveform. In its
simplest interpretation, this periodicity would correspondto that of Schouten' s residue, but, in
principle, it neednot beeventhatrestrictive. We shallnot stophereto defineSchouten' s residuetheory
of pitch perception. It is discussedvery clearlyby WightmanandGreen(1974). Following this line of
reasoning, we canredefineªtº asªDt,º theperiodof theresidueor otherdominantwaveform. Thus, the
entropyequation(9.20) takeson thenewform

F = 1
2 kln(1 + bIn/ Dt ) .     (14.12)

Then, if Dt is thereciprocalof thefundamentalfrequency, n, wehave

F = 1
2 kln(1 + b Inn) .     (14.13)

Equation(14.13) probablyproducesmoreproblemsthanit solves, but it is not without somesaving
graces. Forn constant, it reducesto

F(loudness) = 1
2

kln(1 + BI In) ,     (14.14)

whereBI is constant, not changingwith I. This equation, then, describesthepsychophysicallaw in the
usualmanner. It would not describeauditoryadaptationphenomena, eithermonauralor binaural. For I
constant, Equation(14.13) becomes

F(pitch) = 1
2 kln(1 + Bn � n) ,     (14.15)
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whereBn is constant, not changingwith n. F(pitch), then, is givenasa functionof frequency, n, to the
first power. This function is, in fact, preciselythat found for pitch in experimentsreportedby Lindsay
andNorman(1977):

pitch = 2410log10(1 + 1.6 ´ 10- 3n) .     (14.16)

One can interpretn as the frequencyof Schouten' s residue, but perhapsthere is a more general
interpretationof n, asdemandedby moderntheoriesof pitch (againreferringto WightmanandGreen,
1974). One must look for a physiologicalmechanismcapableof extractingboth intensity and pitch
information from the combinedequation(14.13). We recall that eachequation, suchas (14.13), that
governsthe transmissionof information, is of necessityassociatedwith a mechanismfor transmission
(Chapter1). I leave thesequestionswith the reader. PerhapsEquation (14.13) is just a curious
transmogrificationof Equation(9.20).

DE-ADAPTATIONQ

We haveanalyzed, in somedepth, how the processof adaptationto a constantstimuluscan be
representedwithin theentropytheory, asa processof acquisitionof certainty. However, not a word has
been said about the informational processthat takes place after cessationof the steadystimulus,
resultingin lossof certaintyandreversion, eventually, to a statusof maximaluncertainty. This latter
processmight be called ªde-adaptation.º In studiesof vision, it is ªdark adaptation.º Not a word has
beenwritten aboutthis phaseof sensationbecauseI do not yet understandit. All attemptsI havemade
to dateto encompassthede-adaptationphaseinto thegeneraltheoryhavefailed.

Relatedto theproblemof de-adaptationis theproblemof modifying theentropyequationto handle
a time-varying stimulus. Some investigatorshave introducedstimuli in the form, for example, of
sinusoids(Bohnenberger, 1981), andhavemeasuredtheneuronalresponse. My studentsandI havenot
beenable to predict the responseto suchtime-varying stimuli from the responseto the stepinput. I
shouldaddthat it is possibleto constructrathercomplicatedandarbitrarycriteria wherebya sensory
receptorcan determinewhethera changein meansignal intensity (or variance) is due to random
fluctuationin a steadysignal(stationarytime series), or dueto a realchangein themean. Thetrick is to
find a simplecriterion.

THE ªMAGICAL º NUMBER 7: WHENCEAND WHY?

Theªchannelcapacityº of a one-dimensionalstimulus, aswe haveseen, is usuallyabout2.5 bits of
information per stimulus, as determinedin an experiment involving categorical judgments. For
judgmentsof simplestimulusintensities, channelcapacityseldomexceeds2.5 bits, and is often less.
Since22.5 = 5.7, the magicalnumberis probablycloserto 6 than7 for our purposes. Oneof the most
encouragingresultsof entropytheoryhasbeentheextractionof themaximuminformationperstimulus
from simple adaptationdata, and the demonstrationthat this maximumstimulus information is very
nearly equal to the correspondingchannelcapacity for that modality. A rather exciting possibility
emergedin Chapter13, when we were able to demonstratethat the thresholdfor intensity detection
(not the thresholdfor intensity discrimination) was probablyequal to the maximuminformation per
stimulus.QQ That is, the maximum information must be received by the neuron and signaled by
F(neuronal) (Figure14.1a) beforethe stimuluscanbe detected. HenceF(psychophysical) is displaced
forward in time, asshownin Figure14.1b. So we now do makea distinctionbetweenF asmeasured
neuronallyandF asmeasuredpsychophysically, but wedonot yethavethewholepicture.

However, whencearosethe mysteriouslog26 S 2 1
2 bits of information? What is the theoretical

meaningof this informationcapacity– informationthreshold? It is temptingto definethis quantityof
information(about1.75 naturalunits) from Equation(12.27)/(14.5):

Maximuminformationperstimulus

= 1
2 n � ln(rangeof plateauof Weberfraction),     (14.17)
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where, as always, range is equal to maximumintensity of plateaudivided by minimumintensity of
plateau. For example, for thesenseof taste, rangeS 100, andn S 1, so thatmaximuminformationper
stimulusis approximatelyequalto (1/2)(1) � ln(100) = 2.3 naturalunits(which is a little high for taste).
However, Equation(14.17) leavessomethingto be desired. It expressesthe maximuminformation in
termsof quantities, suchasrangeandexponent, whicharenot elementaryquantities.

Is maximuminformationper stimuluscharacteristicof the humanspecies, or is it a limit imposed
on all perceivingorganisms? In a recentstudyby Norwich andMcConville (1991), maximumstimulus
information was calculatedfor insectsand arachnidsfrom adaptationdata, and the valuesobtained
were similar to the valuesfound in the humanspecies. If we encounteredan intergalacticvisitor,QQQ

would its perceptionbelimited to thesamequantityof informationperstimulus?
I havenot beenableto producea perfectlygeneralderivationof themagicalnumber6, despitethe

manyyearsI haveponderedit. Thereis, however, an interesting, althoughrestricted, derivationthat I
would like to introduce.

I ask that you let your mind be plastic, and stretchyour thinking to encompassthe idea of a
hypotheticalvisual ªperceptor,º anabstractentity capableof perceivinglight stimuli of low intensities.
I am avoiding the term visual ªreceptorº becausethat term would admit a photoreceptorof the type
found in a laboratoryphotometeror light meter, andI am interestedin a unit which canperceive; that
is, which can make a selectionfrom amongalternatives(Chapter2) and signal its uncertaintyin
accordancewith an entropy function. In particular, I ask that you considera very sensitivevisual
perceptor, onethatcandetectevena singlephotonof light.

Let ususeEquation(9.10) with m, thenumberof samplings, equalto 1.

H = 1
2

ln(1 + s S
2 / s R

2) ,     (14.18)

where s S
2 and s R

2 are the variancesof the external light signal and the internal referencesignal
respectively.5 Sincethedistributionof photonsin illumination of low intensitywill begovernedby the
Poissondistribution; and the smallest non-zero mean is one photon; and since for the Poisson
distribution, varianceis equalto themean; thereforevarianceis equalto onephoton. If we approximate
the Poissondistribution for discrete variables by a probability density function for continuously
distributedvariables, the variancemust then take on the dimensionsof the squareof the random
variable.6 Let the continuousrandomvariablebe light energy, which occursin bundlesof energy, hn,
by thequantumtheory, whereh is Planck' sconstantandn is thefrequencyof thelight wave. Thus

s S
2 S (hn)2     (14.19)

correspondsto unit variance. Notwithstandingthe fact that the Poissondistributionwith unit meanis
not well representedby the normal distribution, we shall introduceEquation(14.19) into (14.18) to
obtain

H = 1
2 ln[1 + (hn)2 / s R

2 ] .     (14.20)

We now ask: What is the maximum value obtainableby H (that is, the maximum stimulus
information)? It would seemat first that we canmakes R

2 indefinitely small, so that H could become
indefinitely large. However, on thequantumscale, our libertiesaresometimeschecked.

Justto be clear, the numerator, (hn)2, representsthe varianceof the signalor stimulusor external
photon (light quantum), and the s R

2 in the denominatorrepresentsthe varianceof the referenceor
ªnoiseº or internally generatedphoton. We recall from Chapters7 and 9 why the referencesignal is
held to be necessarywhenwe dealwith continuouslydistributedvariables, althoughonemight argue
herewhetherourvariablesarediscreteor continuous.

We investour visualperceptorwith no short-termmemory; it canhaveno ªrecallº of thearrival of
a referencephotonin thepast. Therefore, thesignalphotonandthereferencephotonmustarriveat the
perceptorsimultaneously, sinceonly in thepresenceof a referencesignalcaninformationbemeasured.
This simultaneitywill provideuswith a restrictionon themaximumpossiblevalueof H.

Sinces R
2 , like s S

2, is thesquareof anenergy, we supposethatthereferencesignal, too, is carriedby
a singlephoton, or light quantum. Let usset

s R
2 = (DE)2 .     (14.21)
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This equation, while seemingly a change in symbol, makes a statementof some physical
significance. It statesthat the varianceof the distribution of the referencesignal, when appliedto a
singlephoton, is equalto thesquareof theªuncertaintyº in themagnitudeof theenergycomprisingthis
photon. IntroducingEquation(14.21) into (14.20),

H = 1
2 ln[1 + (hn)2 / (DE)2] .     (14.22)

Now, the photon, or light quantum, is made up of a group of light waves that add together
constructivelyand destructivelyto producea wavepacketthat travelsthroughspaceat the speedof
light. Ourphotonof energyhn will bemadeupby a wavepacketwhichspansa length,

Dx = c � Dt ,     (14.23)

wherec is the speedof light and Dt is the time takenby light to travel the distance, Dx. Bohm has
shown7 that Dx must be at least as great as the wavelength, l , of the photon, where, from the
elementarypropertiesof light waves,

l = c/n .     (14.24)

Thatis

c � Dt ³ c/n ,     (14.25)

or

n ³ 1/Dt ,     (14.26)

sothat thefrequencyof thesignalphotonis equalto or greaterthanthereciprocalof thetime takenby
thewavepacketto passa givenpoint in space. Sincewe seektheconditionsfor thenear-simultaneous
occurrenceof two events(arrival of two wavepackets: signaland reference), we thereforeselectthe
smallestpossiblevalueof Dt, correspondingto thelargestpossiblevalueof 1/Dt, which is equalto n, by
Equation(14.26). Inserting

n = 1/Dt

into Equation(14.22),

H = 1
2 ln 1 + h2

(DE � Dt )2 .     (14.27)

We note that the expression(DE � Dt ) refersto the referencephoton. DE is the uncertaintyin its
energy, and Dt, the time interval of spreadof the wave packetof the signal photon, is also the time
interval of spreadof the wavepacketof the referencephoton, if the two packetsare to arrive nearly
simultaneouslyat theperceptor.

Now, weknow from Heisenberg' sUncertaintyPrinciple8 that

DE � Dt ³ h/ (2p) ,     (14.28)

sothat
h2

(DE � Dt )2 £ 4p2 .     (14.29)

Insertingthelatterinequalityinto Equation(14.27), wehave

H £ 1
2 ln(1 + 4p2) .     (14.30)

Thatis,

H £ 1.850 naturalunits

= 2.67 bits of information.     (14.31)
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Thetheoreticalmagicalnumberis then

22.67 = 6.36 categories,     (14.32)

correspondingwell to theempiricalvalueof about6.
Since(1 + 4p2) is quite closeto (2p)2, Equation(14.30) statesthat H, the maximuminformation

obtainableby perceivinga stimulusof onephoton, is givenby

H S log22p bits,     (14.33)

or, in naturalunits,

eH = 2p .     (14.34)

What doesthe aboverestrictionon H mean, physically? Referringto Equation(14.27), it means
that if you try to increasethe valueof H (maximumstimulusinformation) by decreasingthe energy,
DE, of the referencesignal9, you will find that Dt, the spreadin time of the wavepacketcarryingthe
referencephotonwill , of necessity, increase, by Heisenberg' s Principle, therebyfrustratingyour efforts
to increaseH. Referringto Figure8.2 andEquation(14.22), we seethat, very roughly, H is thenumber
of times the variance, (DE)2, can ºfit intoº the variance, (hn)2; that is, the numberof times the
referencevariancefits into thesignalvariance. Any attemptto increaseH eitherby increasing(hn)2 or
by decreasing(DE)2 will alwaysfail.

How realistic is the above argument? Certainly, the visual ªperceptorº is an entirely abstract
concept, perhapsbearingno relationshipto any real perceptualsystem. Constrainingthe argumentto
one signal photon is restrictive. Approximating the discretePoissondistribution by the continuous
Gaussiandistributionis suspect. And, finally the insistenceon a memorylesssystem, wheresignaland
referencephotonsmustarrive within the sametime interval (S 1/n » 10- 15 s) would seemto remove
the argumentfrom the usualtime scaleof biological events. Nonetheless, the exercisecompelsus to
examinethe problemof maximuminformation carefully, and demonstratesthe critical natureof the
referencesignal. If we regardthe light ascomposedof discreteparticles, perhapswe might dispense
with the referencephoton, sincewe cancalculatedinformationfor discreteeventswithout necessarily
subtractinga referencesignal. But if light is regardedascontinuousor wave-like, we mustdealwith
continuousdistributions, andthereferencesignalis requiredfor calculatinginformation. Oncein place,
the referencesignal limits the maximum information transmission. The exerciseis also worthwhile
becauseit is ascloseaswe havecometo providing a mechanismfor an elementaryperceptualevent.
Electrons, scatteredby the incomingphotons, couldbedetected. . . But we havenot comeso far asto
suggesta mechanismfor generationof thereferencesignal, soourperceptualunit is incomplete.

A BRIEFHISTORYOFTHE ªCOMPLETEº LAW OFSENSATION

We borrow the term ªcompleteº from Nutting (1907), and indirectly from Lehmann(1905) who
referredto Fechner' s law asªunvollständig,º or incomplete.

Our Equation(10.3) was, of course, derivedasan equationof entropy. But we haveseenthat an
equationof similar algebraic form has been postulatedas a law of sensationby various earlier
investigators. Exceptfor Békésy, I can find no evidencethat theseinvestigatorswere awareof each
other' swork.

In 1873, DelboeufexpandedFechner' s law to obtainEquation(10.20), which is a specialcaseof
ourEquation(10.3), with n = 1.

In 1905, Lehmannwrotea neurophysiologicalequationof thesameform asDelboeuf' s.
In 1907, Nutting, adoptedEquation (12.11) as an empirical equationrepresentingthe Weber

fractionfor light. Equation(12.11) is of thesameform asour entropicEquation(12.6). By integrating,
Nutting obtainedan equationvery similar to our Equation(10.3) for the law of sensationof light.
Nutting' s processwastheinverseof our own: We beganwith thelaw of sensationanddifferentiatedto
obtaintheWeberfraction. Nutting' s equationfor brightness, givenbelow, is constructedso thatF = 0
whenI lies at thethresholdlevel for detection:

F = F0 log[1 + Pm (In � I thresh
- n - 1)]     (14.35)
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In 1930, B�k�sy adoptedthe neurophysiologicalequationof Delboeuf-Lehmann, Equation(10.3)
with n = 1 (pleasereferto Chapter12).

In 1959, Rushtonusedthe Delboeuf-Lehman-B�k�sy equationempirically, with the additionof a
constant[Equation(10.21)]; seeChapter10.

In 1977, I derived Equation (10.3), a further generalizationof the Delboeuf-Lehmann-B�k�sy
equation, from entropicconsiderations(pleaseseeChapter9).

Are thereothermembersof this strangefamily of inconnus?

NOTES

1. Actually, H(b; I, t )neuronal = H(b /x; I, t / x)psychophysical.
The two H-functionshavethe samevalue becauseboth t and b havebeendivided by the same

factor, x, in the function on the right-handside. Recall that in the H-function, we useonly the ratio
b / t = (b /x) / (t / x). This ideais illustratedin Figures14.1a and14.1b.

2. Yes, I think that theoreticianscanemotetowardmathematicalentitiesin muchthesamemanner
thatnormalpeopleexpressemotionstowardotherhumanbeings.

3. I particularlyobjectedto its seekingrefugein my initials.
4. Thesymbolf is usedherefor frequency, becauseit is thesymbolusedby Riesz. However, in the

remainderof thechapter, weusethesymboln.
5. We recognizethat the stimulussignaloriginatesexternally, or outsidethe organism, while the

referenceor ªnoiseº signaloriginatesinternally, or within theorganism.
6. We let the continuousprobability densityfunction be p(E), whereE is the energyof incident

light. The meanhasthe dimensions[energy] and the units hn, and the variancehasthe dimensions
[energy2] andtheunits(hn)2.

7. Bohm (1989) hasshown(pp. 92 et seq) that ªwheneverthe light quantum[photon] is observed
underconditionsin which it is not absorbed, it cannotbe localizedto a regionsmallerthanl [that is,
onewavelengthor time 1/n].º Thequantitiesin parenthesesaremine, not Bohm' s. To berigoroushere,
we needa modelof the perceptor' s mechanismof simultaneousdetectionof the signalandreference
photons. For example, if thephotonseachscatteranelectron, detectionof thescatteredelectronscould
not localize the width of the wave packetsto a region less than one wavelength. This restriction is
important in our argument, since it, in concertwith the UncertaintyPrinciple, ultimately fixes the
magnitudeof themaximuminformationtransmissible.

8. Bohm(1961, 1989, Chapter5.11) statesthatEquation(14.29) maybeusedonly ªin anyprocess
in which a quantumis transferredfrom radiationfield to matter(or vice versa).º AharonovandBohm
(1961) cautionagainstthe useof Equation(14.29) inappropriatelyto expressªa further uncertainty
relationbetweenthedurationof a measurementandtheenergytransferto theobservedsystem.º Also,
theUncertaintyPrincipleis sometimeswritten with a divisor of 4p insteadof 2p, which would increase
our theoreticalvaluefor themagicalnumberby a factorof nearly2.

9. Actually, (DE)2 is the varianceof the referencesignal, but by decreasingthe variance, you
decreasethemean(from thePoissondistribution).

2003 ed. notes:
Q. We have, now, madesomeprogressin extendingthe entropytheory to include the processof

de-adaptationand to allow for time-varying stimuli, even sinusoidal in nature. Thesepreliminary
resultshave beenpublishedin K. H. Norwich and W. Wong, ªA Universal Model of Single-Unit
SensoryReceptorActionº, MathematicalBiosciences, 125, 83-108, 1995.

QQ. Well, it might havebeenexcitingandprobable, but, alas, it is unlikely to becorrect. Laterwork
hassuggestedthat a betterguessfor this thresholdis probably(that word again) DH = ln(e/2) natural
units (refer also to Note QQQ in chapter13). This possibility emergedin the paper entitled ªThe
information of a welcherWeg experimentº, K.H. Norwich and R. Nevin, Il NuovoCimento, 115B,
1137-1147, 2000.

QQQ. This sectionmay havebeenexpressedmore terselyin the associatedpublication, ªSensory
function in extraterrestrialbeingsº, K.H. Norwich and W. Wong, Annalesde la FondationLouis de
Broglie, 22, No. 2, 161-168, 1997.
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