
CHAPTER 15

BOLTZMANN AND BERKELEY

BOLTZMANN: F = kH AND S = - kBHB

We now begin our philosophicalclimb up the left-handside of the flow diagramin Figure 1.2.
Although the equationsarefew, onerequiressomeunderstandingof the ideaspresentedearlier in the
bookdealingwith statisticalmechanics, informationtheoryandthefoundationsof theentropytheoryof
perception.

The H-function we havebeenusingin our sensorystudiesis an H-function of the type introduced
by Shannon. H (suitablyconstructed) canbeinterpretedastheuncertaintythatprecedesanevent, or as
the informationgaineduponperceivingthe outcomeof the event. However, the mannerin which we
have utilized the H-function is quite different from the manner in which it has been used in
communicationsscienceandin psychology. As we observedin Chapter5, informationtheoryasused
in the latter disciplinesis non-unique in character– that is, other measuresof information are not
interdicted– andextrinsicin its application. “Extrinsic” implied that theH-measureis usedasa tagor
label on a given channel, which might state, for example, “This channelhastransmitted100 bits of
information.” It wasextrinsicto thephysicaloperationof thechannelin thatno equationgoverningthe
physicsof the channelcontainedthe labelledH-measureas a variable. The extrinsic propertyof the
H-function asusedin communicationsscienceandpsychologyis bestunderstoodin contradistinction
to the intrinsic property of the H-function as used in physics. In Chapter6, we studied, in very
preliminaryfashion, theusemadeby Boltzmannof theH-function. If HI denotestheuncertaintyof the
humanperceiveraboutwhich microstateis assumedby an ensembleof molecules, then Boltzmann
couldhavewritten1

S = kBHI .     (6.20) / (15.1)

That is, physicalor thermodynamicentropyis equalto Boltzmann’s constant(namedin his honor
after his death) multiplied by the HI-function. Boltzmann’s useof the H-function is both unique(no
other function will do) and intrinsic. It is intrinsic becausethe H-measuredoesenterdirectly into an
equationgoverningthephysicalstateof matter.

Thepoint of examiningtheseconceptsis to helpput our fundamentalequation,

F = kH ,     (2.6) / (15.2)

into somesortof perspective. Theuseof theentropy, H, in this equationis intrinsic, in themannerused
by Boltzmann. The mathematicalform of the H-function is unique: No mathematicalfunction for H
differing substantiallyfrom Equation(9.19) will likely possessits power to embraceall the sensory
processesexaminedin Chapters10 through15. It shouldbeabsolutelyclearthattheintrinsic mannerin
which theentropy/ informationconceptentersourequationsin this entropytheoryof perceptiondiffers
radically from the extrinsic useof entropy/ information in communicationsscienceand psychology.
Our use of the information concept in the analysisof psychophysicalexperimentsis completely
differentfrom themannerwhichGarnerandHakedescribedin their well-knownpaperin 1951.

In order to draw perceptualtheory evencloser to statisticalmechanics, let us look a little more
deeply at the famous mathematicalfunction known as Boltzmann’s H-function, HB, which was
introducedin Chapter9. Boltzmanndefinedthis functionby meansof theequation

HB = ò... òf ln f dvm ,     (15.3)
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Table 15.1 ComparingHB (Boltzmann' sH) with H (Shannon' sH), and
S(physicalentropy) with F (perceptualªentropyº)

Entropy H-function Evolutionof H Evolutionof entropy

S = - kBHB + constant HB = òf ln f dvm
dH
dt

£ 0* dS
dt

³ 0Q

F = kH + constant H = - òplnp dx dH
dt

£ 0R dF
dt

£ 0§

Note. Discussionin main text. From the right-hand column, the evolution of physical or
thermodynamicentropy in time proceedsin the opposite direction from the evolution of
perceptualªentropyº (the quantity usually called the ªperceptualvariableº). S and F are
analogousquantities.

* As aconsequenceof molecularcollisions;
QExpressionof thesecondlaw of thermodynamics;
RAs aconsequenceof thecentrallimit theorem;
§ Expressionof theprincipleof sensoryadaptation.

wheredvm is anelementin m-space, asdescribedin Chapter6. Thequantity, f, is thedensityof particles
in m-space; that is the number of particles per unit volume of m-space. In fact, it can be shown
(Appendix) thatin anequilibriumstate, apartfrom anadditiveconstant,

HB = - HI ,     (15.4)

sothat, from Equation(15.1)

S = - kBHB .     (9.26) / (15.5)

Let usnow compareEquation(15.5) with (15.2), referringto Table15.1. We seethat in bothcases,
thevariableon the left-handsideof theequation(Sor F) representsa quantitywhich is measurablein
the laboratory: thermodynamicentropy in one case, and, for example, neuronalimpulse rate in the
other. On the right-hand side, kB, which is Boltzmann' s constant, is (presumably) an immutable
constantof nature, while k is a constantthat is quite different whenappliedin different contextsor in
differentsensorysystems. HB is definedby Equation(15.3), while H is definedby Equation(9.23), the
symbolpSR beingrepresentedasp for simplicity. Theadditiveªconstantsº comefrom thediscussionin
theAppendixin onecase, andfrom Equation(9.25a) in theother.

Apart from minus signs, the differencebetweenthe two H-functions(HB and H) stemsfrom the
difference betweenthe quantitiesf and p. f is the density of particles in m-space, while p is the
probability densityof particlesin what is usually regardedas configurationspace(that is, ordinary,
Euclidean, 3-dimensionalspace). HB is usuallytakenasa measureof disorder(Chapter9), while H is
relatedto the measureof uncertainty. If particlesareclusteredtogetherin m-space, so that somecells
aredenselypacked, while othersareempty, thesystemis regardedasbeingin anorderedstate, andthe
valueof HB tendsto be large. If we view m-spaceas the union of configurationspacewith ªvelocity
space,º the ordered state representsa concentratedgas in configuration space(for example, all
moleculesof the gasin one cornerof a room), and a region of thermalnon-equilibrium in velocity
space. Boltzmann' sH-theoremshowedfor molecularcollisionsthat

dHB

dt
£ 0 .     (9.27) / (15.6)

That is, HB canneverincrease. Therefore, anorderedstate, with largerHB, will tendto evolveinto
a more disorderedstate with smaller HB. Since S = - kBHB, we shall have (since kB > 0) as a
consequenceof theminussign,

dS
dt

³ 0 ,     (15.7)

whichstatesthewell-knownrule thatphysicalor thermodynamicentropytendsalwaysto increase.
Now the H-function, as we haveemployedit in sensoryperception, also beginsat its maximum

value (maximumuncertaintyabout the meanstimulus intensity), and then, if the perceptualprocess
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continues, decreasesasa consequenceof thecentrallimit theorem. Thatis

dH
dt

£ 0 .     (15.8)

However, sinceF = +kH (nominussignthis time),

dF
dt

£ 0 .     (15.9)

So physicalentropyandthe perceptualvariableevolvein time in oppositedirections. S andF are
analogousvariables. They are both laboratory-determinedentropiesthat serveas measuresof their
respectiveH-functions. Theseitemsaresummarizedin Table15.1.

Letting our imaginationloose, we might evokea comparisonbetweentheevolutionof theuniverse
and the evolution of a percept. The universe, it is thought, beganwith a big bangin a stateof low
physicalentropy, and is evolving (ªadaptingº) toward a stateof high physicalentropy. In making a
percept, we begin in a stateof high informationalentropyand(ªevolveº) adapttowarda stateof low
informationalentropy. Thatis, theprocessof perceptionis a ªbig crunch.º

GEORGEBERKELEY: THE RELATIVITY OFPERCEPTION

"... it does2 not appearto me, that therecanbe anymotion otherthanrelative: so that to conceive
motion, theremustbeat leastconceivedtwo bodies, whereofthedistanceor positionin regardto each
otheris varied. Henceif therewasoneonly body in being, it couldnot possiblybemoved. This seems
evident, in thattheideaI haveof motiondoesnecessarilyincluderelation."

The readercan, perhaps, identify the writer. My classes, when I readthis passage, never fail to
identify the writer as Albert Einstein. Einstein introducedwhat we now call the ªspecialtheory of
relativityº in a paperentitled ªOn the Electrodynamicsof Moving Bodies,º publishedin 1905. The
above quotation, however, is taken from Section 112, part I, of ªOn the Principles of Human
Knowledge,º by GeorgeBerkeley, publishedin 1710, 195 yearsbeforeEinstein' s famouspaper[refer,
for example, to thevolumeannotatedby M.R. Ayers(1975)]. Einstein, of course, carriedtheideamuch
further, and virtually reformulatedour ideas of spaceand time in rigorous mathematicalterms.
Moreover, hewasprobablytotally unawareof Berkeley' s statement(at leastI canfind no evidencethat
hehadreadit), andnot particularlysympatheticto Berkeley' s theoriesof perception. Is it not, however,
anarguablepoint thatBerkeleywasthefirst modernrelativist?3

While I hope, in the future, to explorethe link betweenHB andH in moredetail, it wasnot, asI
have said earlier, by analogy to S = - kBHB that F = kH was written.4 The F = kH relationship
emergedin my mind from considerationsof thephilosophyof GeorgeBerkeley.

Berkeley (1685 ± 1753) cannot properly be condensedinto a portion of a chapter, which is,
nonetheless, all thespacewe mayallow him here. Born in Ireland, educatedin Trinity College, Dublin,
he becamea Fellow of that college in 1707. Berkeleymadenumerouscontributionsto philosophy.
Perhapsbest known of his works are ªAn Essaytowards a New Theory of Visionº (1709), and
ªPrinciples...º first publishedthefollowing year. It is with thelatteropusthatweareconcerned.

Berkeley' s ideason perceptioncannotbe appreciatedfully without someunderstandingof the
theoriesof JohnLocke, which precededhim. Lockeproposedtheexistenceof a singleªsubstanceº that
constitutedthe essenceof matter. The particlesof which this substancewas composedgaverise to
perceivablepropertiessuchassolidity andmotion, calledprimary qualities, andotherpropertiessuch
as color and sounds, called secondaryqualities. Berkeley, however, denied the reality of the
ªsubstanceº or substratum, thatcouldbepostulatedbut neverdirectly perceived. Berkeleyfunctionally
replacedthe ªsubstanceº of a bodyor objectby a Spirit, or anactivebeingªpossessinga will .º 5 If the
spirit or mind were to be removed, the body or object would then ceaseto exist. But let us permit
Berkeleyto speakfor himself.

ªFor asto what is saidof the absoluteexistenceof unthinkingthingswithout any relationto their
beingperceived, thatseemsperfectlyunintelligible. Their esseis percipi, nor is it possibletheyshould
haveanyexistence, out of themindsor thinking thingswhichperceivethem.º

(Principles, Part I , Section3)
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ªSometruthstherearesonearandobviousto themind, thata manneedonly openhis eyesto see
them. SuchI takethis importantoneto be, to wit, thatall thechoir of heavenandfurnitureof theearth,
in a word all thosebodieswhich composethe mighty frame of the world, havenot any subsistence
without a mind, that their beingis to beperceivedor known; that consequentlyso long astheyarenot
actuallyperceivedby me, or do not exist in my mind or thatof anyothercreatedspirit, theymusteither
have no existenceat all, or else subsist in the mind of some eternal spirit: it being perfectly
unintelligible and involving all the absurdityof abstraction, to attributeto any singlepart of theman
existenceindependentof a spirit. To be convincedof which, the readerneedonly reflect and try to
separatein hisown thoughtsthebeingof a sensiblething from its beingperceived.º

(Principles, Part I , Section6)

ªIt is very obvious, upontheleastinquiry into our own thoughts, to know whetherit bepossiblefor
us to understandwhat is meant, by theabsoluteexistenceof sensibleobjectsin themselves, or without
themind. To me it is evidentthosewordsmarkout eithera direct contradiction, or elsenothingat all.
... It is on this thereforethat I insist, to wit, that the absoluteexistenceof unthinkingthingsarewords
withouta meaning, or which includea contradiction.º (Principles, Part I , Section24)

Esseis percipi, wrote Berkeley. To be is to be perceived. Without a perceiver, therecan be no
existence. From Section7, Part I: ªNow for an idea to exist in an unperceivingthing, is a manifest
contradiction; for to haveanideais all oneasto perceive: thatthereforewhereincolour, figure, andthe
like qualities exist, must perceivethem; henceit is clear there can be no unthinking substanceor
substratumof thoseideas.º Somuch, hethought, for Locke.

If to be is to be perceived, doesthe tree ceaseto exist when I ceaseto perceiveit? No, replies
Berkeleyin Section48. ªFor thoughwe hold indeedthe objectsof senseto be nothingelsebut ideas
which cannotexist unperceived; yet we may not henceconcludethey haveno existenceexceptonly
while theyareperceivedby us, sincetheremaybesomeotherspirit thatperceivesthemthoughwe do
not. Whereverbodiesare said to haveno existencewithout the mind, I would not be understoodto
meanthis or that particular mind, but all minds whatsoever. It doesnot thereforefollow from the
foregoingprinciples, thatbodiesareannihilatedandcreatedeverymoment, or existnot at all duringthe
intervalsbetweenourperceptionof them.º

DoesGod (the ªeternalspiritº) play the role of Perceiver-in-Residence, retainingthe universein
existenceeven when you and I may slumber? Berkeley is not absolutelyclear on this point. He
followed his Principlesby a setof ThreeDialoguesBetweenHylasandPhilonous. Hylasdoubts, while
Philonousarguesspiritedly for the principle of relativeperception. It is not necessaryto havereadthe
Principles to appreciatethe verbal sparring of Hylas and Philonous. In Sections251-252 of the
Dialogues, Philonousadvancesa theory of a kind of two-tiered existence: ªWhen things are said to
beginor endtheir existence, we do not meanthis with regardto God, but his creatures. All objectsare
eternallyknown by God, or which is the samething, havean eternalexistencein his mind: but when
things beforeimperceptibleto creatures, are by a decreeof God, madeperceptibleto them, then are
theysaidto begina relativeexistence, with respectto createdminds.º

In this book, we are concernedwith the secondof Philonous' existences: relative existencewith
respectto createdminds. God doesnot enterour secularequationsexplicitly as a Variable, nor do I
believethatBerkeleyeverintendedHim in thatrole.

Berkeleywas, perhaps, the first personwhoseWeltanschauung, or world view, was completely
dominatedby what we in the twentiethcenturycall the conceptof relativity. He clearly foresawthe
Einsteinianview of relativity of motion(theªprincipleof relativityº), asevidencedby Section112; and
healsocomprehendedin hisesseis percipi ªtherelativity of existence.º

I have never been able to refute the Berkeleianposition that no meaningcan be assignedto
ªexistenceº exceptwithin the mind of a perceiver. Moreover, I havealways felt that as we, in the
sciences, approachthecoreof theissueof perception, whetherby theavenueof biology, psychologyor
physics, we shall find Berkeleianrelativity awaitingus. Specifically, whetherdescribingtheeffectsof a
light flashthroughpsychophysics, or thespace-time trajectoryof thequantumof light throughphysics,
our equationsof perceptionwill contain, immanentwithin them, Berkeley' s relativity of existence. I
beganthinkingabouttheseproblemsasa student, in 1959, andI havecarriedthemwith meeversince.

In thecourseof theprecedingfew pageswe haveprobedBoltzmann' s equationsa little deeper, and
we havetried to capturethe gist of Berkeley' s Principles. Still, you may haveno sense, yet, of how
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Boltzmann' s andBerkeley' s ideasmight merge. Thereis only a thin strandwhich might unite the two,
a strandthatI shalltry to extendin thecourseof thenextchapter.

APPENDIX: THE NEAR-EQUIVALENCE OFHB AND H I

HI hasbeendefinedfor theequilibriumstateby

HI = lnW,     (6.19)

andHB by theequation

HB = ò� � � òf ln f dvm .     (15.3)

If we representtheintegralby a summation, then

HB = å
i =1

n

f i ln f i dvm ,     (A15.1)

wheren is thetotal numberof cellsin m-space. Fromthedefinitionof f ,

f i = Ni / dvm ,     (A15.2)

whereNi is thenumberof particlesin thei th cell (cf. Chapter6). Combiningthelattertwo equations,

HB = å
i =1

n

(Ni / dvm) ln(Ni / dvm) � dvm

= å
i =1

n

Ni lnNi - å
i =1

n

Ni lndvm .

Recallingthat

å
i=1

n

Ni = N ,

HB = å
i =1

n

Ni lnNi - N lndvm .

    (6.18)

    (A15.3)

Now, from Equation(6.17), thenumberof microstates, W, is givenby

W = N!
N1!N2! ...

,     (6.17)

whereN is thenumberof phasepoints. Takinglogarithmsof bothsides,

lnW = lnN! - å
i =1

n

lnNi !     (A15.4)

UsingStirling' sRule, whichstatesthat

lnx! S xlnx - x ,     (A15.5)

wehave

lnW S N lnN - N - å
i =1

n

Ni lnNi + å
i =1

n

Ni .     (A15.6)

Thatis, asfoundin Equation(6.23),

lnW S - å
i =1

n

Ni lnNi + N lnN .     (A15.7)
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Sinceweseefrom Equations(A15.3) and(A15.7) thatif n andN areconstant, then

HI S - HB ,     (A15.8)

ignoringadditiveconstants. Therefore, from Equation(6.20),

S = - kBHB .     (9.26)

NOTES

1. AlthoughBoltzmannmighthavewritten this equationin exactlythis form, hedid not do so. The
HI-function, aswehavedefinedit, wasnot ªinventedº until afterhisdeath.

2. I havechangedothto doesto try to disguisethecenturyof writing.
3. I am discounting Galileo for this honor, since what is termed ªthe Galilean principle of

relativityº doesnot breakwith our intuitive notionsof space. The historiansof sciencemay berateme
here.

4. Moles (1966) pp. 22-23 anticipatedthe S = - kBHB « F = kH relationshipwhen he observed
thesimilarity betweenBoltzmann' sS = kB logWandWeber-Fechner' sF = klogI.

5. An interpretationof M. R. Ayers(1975).
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