
CHAPTER 4

INFORMATION OF EVENTSWITH
DISCRETEOUTCOMES: METHODS
OF COMMUNICATION THEORY
AND PSYCHOLOGY

We were introducedto the conceptof information in Chapter2, wherethe distinction was made
(note4) betweendiscreteandcontinuousoutcomesto anevent. An eventwith only discreteoutcomes
is onesuchasthetossof a coin, whichcanlandonly headsor tails. An eventwith continuousoutcomes
is one suchas the time of a response, which can, in principle, take on an infinity of values. In this
chapterwe consideronly eventsof the former type, andwe analyze, usingtwo parallelandequivalent
methods, how information is transferredduring theseevents. The readeris remindedthat the word
information, if it is not qualified by an adjective, will alwaysrefer to that quantitywhich is measured
by information theoreticalentropy (sometimescalled communicationsentropy). In Chapter2 we
glimpsedthe way in which the informationor entropyconceptwasto be employedin the analysisof
sensoryevents: a naturallaw will be formulatedgiving perceptualresponse(suchasthe rateof action
potentialpropagationin a sensoryneuron) asa mathematicalfunction of the entropyof a stimulus. If
information, and hence entropy, were only an arbitrary creation of communicationsengineers,
fabricatedasa convenientmeansof measuringtheefficiencyof transmittinga messagein a telephone
cable, it would be surprising indeed that naturewould use the samemeasurein sensoryneurons.
Therefore, we shall proceedin Chapter6 to examinehow the information concept, masqueradingin
different garb, was introducedinto physicsby Ludwig Boltzmannmore than half a century before
Shannon’s paperon thetheoryof communication, andhow information(or, equivalently, informational
entropy) waswoveninto thefabric of physicallaw. As thestoryunfolds, we shallseethat theentrance
of informationalentropyasa primaryvariableof neurophysiologyseemsto beanextensionof its role
asa primaryvariablein physics.

PICKING UPTHE THREAD

We supposethatsomeeventmayhappenin N discreteways. For example, a electionmayresultin
only 1 winner from among12 candidateswho are running. We may say, therefore, that the election
eventhasN = 12 possiblediscreteoutcomes. The uncertaintythat prevailsbeforethe electionresults
areknownis measuredusingtheentropy, H, thatwasdefinedby Equation(2.1):

H = - å
i=1

N

pi logpi     (4.1)

wherepi is the probability of the i th outcome. That is, H is a weightedsumof the logarithmsof the a
priori probabilities. Of course, theprobabilitiesmustsumto unity; thatis,

å
i=1

N

pi = 1 .     (4.2)
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4. Informationof Eventswith DiscreteOutcomes 35

Therefore, theelectionuncertaintyis givenby

H = - å
i=1

12

pi logpi ,

wherep1 is theassumedprobabilitythatcandidate1 will beelected, etc. Wenotethat, in contrastto the
earlier exampleof tossing a coin or rolling a die where the a priori probabilities were possibly
determinedgeometrically, theprobabilitiesin this exampleareestablishedby varioussubjectivemeans
(perhapsaugmentedby the resultsof pre-election polls). When the resultsof the election become
known, the uncertaintyvanishes, and information aboutthe electiontakesits place. The information
aboutwhichcandidatewon theelectionis equalto thepreexistinguncertainty, sothat

, = H .     (4.3)

We recall that the baseof the logarithmsusedis arbitrary; andalsothat whenall the probabilities
areequal(sayequalto p), then

H = logN ,     (4.4)

where

N = 1/p .     (4.5)

We might askthevery naturalquestion: Givensomevaluefor thenumberof possibleoutcomes, N,
which valuesfor pi will renderH maximum? For example, supposewe dealwith an eventwith two
possibleoutcomeswhose probabilities are p1 and p2. Then, as a consequenceof Equation (4.2),
p2 = 1 - p1. Whatvalueof p1 will thenproducea maximumvaluefor H? FromEquation(4.1),

H = - p1 logp1 - (1 - p1) log(1 - p1) .     (4.6)

We shall take lim p1® 0 p1 logp1 = 0. Then we may see that for p1 = 0, H = 0, and for p1 = 1,
H = 0. This result is quite reasonablesince, whenp1 = 0, p2 = 1, the secondoutcomeis a certainty
and, therefore, uncertainty, H, vanishes. H is similarly equalto zerofor p1 = 1, whenthefirst outcome

Figure 4.1 Entropyof an eventwith two possibleoutcomes, asa function of the probability,
p1, of oneof theseoutcomes. p2 = 1 - p1. Notethatentropyis maximumfor p1 = p2 = 1

2 .
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4. Informationof Eventswith DiscreteOutcomes 36

is a certainty. The mathematicalfunction H(p1) must, therefore, be equalto zerofor the two extreme
valuesof p1. Moreover, becauseof the symmetryin the variablesp1 and p2, the function must be
symmetricalaboutthe line p1 = 1

2 . Thecompletegraphof H vs. p1 is shownin Figure4.1, whereH is
seento bemaximumfor p1 = p2 = 1

2 .
Considernow thegeneralcaseof aneventwith N possibleoutcomes. ThenH is givenby Equation

(4.1) subjectto the constraintexpressedby Equation(4.2). In orderto extremizeH, that is, to find its
relativemaximaandminima, we introducea Lagrangianmultiplier, l , to producetheexpression

G = - å
i=1

N

pi lnpi + l å
i=1

N

pi - 1 .     (4.7)

Thatis, wesetup theexpression

G = entropy+ Lagrangianmultiplier ´ constraint.

The valuesof pi for which H is an extremumsubjectto the normalizationconstraintis found by
differentiatingG partiallywith respectto eachof thepi , andequatingthederivativesto zero:

¶
¶pk

- å
i=1

N

pi logpi + l å
i=1

N

pi - 1 = 0

- 1 - lnpk + l = 0

lnpk = l - 1

pk = el - 1 , for all pk .     (4.8)

Thatis, all pi areequalandmustbeequalto 1/N for anextremum.
In principle, wearenot yet finished, sincewemustshowthattheextremumfor H whenpi = 1/N is,

in fact, a maximum. For thecompletionof theproof, thereaderis referredto Raisbeck(1963).
Sotheentropy, H, is maximumwhentheoutcomesof theeventareequallyprobable, aswe sawin

the examplein Figure4.1. In other words, we are most uncertainwhen an eventis equally likely to
occur in various possibleways, and we derive the greatestpossibleamount of information from

Figure 4.2 Entropyof aneventwith threepossibleoutcomes, asa functionof theprobabilities
p1 and p2 of these outcomes. Entropy, H, is given by H = - å i=1

3 pi logpi . Since
p3 = 1 - p1 - p2, therefore

H = - p1 logp1 - p2 logp2 - (1 - p1 - p2) log(1 - p1 - p2) .

The graphshowsH asa function of p1 andp2. However, appearancescanbe deceiving. In the
graphshown, theorigin is actuallyremotefrom theviewerandthep1- andp2- axescometoward
him/her. The viewer’s eye is situatedbelow the p1-p2 planeand the surfaceis concave, not
convex(asit appears). H is, of course, maximumatp1 = p2 = p3 = 1/3.
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4. Informationof Eventswith DiscreteOutcomes 37

observingthe outcomeof such an event. Just for the fun of it, Figure 4.2 depictsan event with 3
possibleoutcomeswith probabilitiesp1, p2 andp3. Sincep3 = 1 - p1 - p2, H canbeplottedalongthe
z-axisasa functionof thetwo variablesp1 andp2. H is maximumfor p1 = p2 = p3 = 1/3.

Just a note on the appropriatenessof the log-function as a meansof expressinginformation.
Supposewe tossa fair coin. Thenthe head-tail informationwe obtain is log22 = 1 bit. If we tossthe
coin a secondtime, we receivean additional 1 bit of information. Therefore, the total amountof
informationthatwe receiveby observingtheresultsof 2 sequentialtossesis 2 bits. Suppose, now, that
we place2 coinsin a closedbox, shakethebox, andobservetheresultsof thesimultaneoustoss. How
muchinformationdo we receive? Well, thereare4 equallyprobableoutcomesto thesimultaneoustoss:
HH, HT, TH, TT. Therefore, the quantityof informationreceivedis equalto log24 = 2 bits, the same
amountwe receivedby tossingthetwo coinssequentially. Any otherresultwouldhavebeenuntenable.

A CHANNEL OFCOMMUNICATION

We considernow somemeansof transmittinga messagebetweentwo stations. The meansis
arbitrary. It couldbeelectricalor optical, suchasthatusedfor a telephone, or evenacousticalsuchas
thatusedfor ordinaryspeech. In orderto simplify the initial discussion, supposethatonly two symbols
aretransmitted: 1 or 0; that is, messagesconsistpurely of stringsof 0’s and1’s. Let us suppose, also,
that our channeltransmitswithout error, so that eachtime the transmittersends0, the receivergets0,
etc. For purposesof illustration, supposethat theprobabilityof transmitting0 is 0.2 andtheprobability
of transmitting1 is 0.8 (Figure 4.3). We can representthe probabilitiesof symbols(0, 1) for the
transmitter(source) by the vector(0.2, 0.8), andthe probabilitiesof symbols(0, 1) for the receiverby
thesamevector(0.2, 0.8). Thetransmitter, or sourceentropyis givenby

Hsource = - å
i=1

2

ps logps = - 0.2log0.2 - 0.8log0.8 .

Similarly, thereceiverentropyis givenby

Hreceiver = - å
i=1

2

pr logpr = - 0.2log0.2 - 0.8log0.8 .

Theinformationreceivedby thereceiveris then

, = Hsource = Hreceiver.     (4.9)

Now the realities of communicationare such that interference, or noise, usually affects the
transmissionof signalsthrougha channel, resultingin errorsat thereceiver. That is, thetransmissionof
a zero will sometimesresult in the receipt of a one and vice versa. In this case, the information
received, , , will not beequalto Hsourceor to Hreceiver. We shall now developequationsgoverningthe
informationreceivedwhena signal is receivedfrom sucha noisy channel. Only a little in the way of
basicmathematicsis required: somefacility with iteratedsummationoperatorssuchaså j=1

n å k=1
n , and

Figure 4.3 Informationtransmissionin a noiselesschannel. Theprobabilityof transmissionof
x1 equals0.8 and, sincep(y1 | x1) = 1, thereforeprobabilityof receiptof y1 equals0.8, etc.
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4. Informationof Eventswith DiscreteOutcomes 38

Figure 4.4 Schemafor anoisychannel.

thedefinition of conditionalprobability. We dealwith signalstransmitted, for which we usethesymbol
xj , and signals received, for which we shall use the symbol yk. Let us generalizeour lexicon of
transmittedsymbolsfrom 2 to n. Then, for example, pj(x1) representsthe probability of transmitting
signalx1, andpk( y3) representstheprobabilityof receivingsignaly3. In general, then, pj(xj) represents
theprobabilityof transmittingthesignalxj , andpk( yk) representstheprobabilityof receivingthesignal
yk. To simplify the nomenclature, we candrop the subscriptsfollowing the p without introducingany
ambiguity: p(xj) will meanpj(xj), etc. We definep(xj | yk) astheconditionalprobability of xj givenyk;
that is the probability that signal xj was transmittedgiven that signal yk was received. p(yk |xj) is
definedanalogously. We further definep(xj , yk) asthe joint probability that xj wastransmittedandyk

received. Fromthedefinition of conditionalprobabilityemergetwo fundamentalequationsthatwe use
onvariousoccasions:

p(xj , yk) = p(xj |yk) � p(yk)

p(xj , yk) = p(yk |xj) � p(xj)

    (4.10)

    (4.11)

wherethedot signifiesordinarymultiplication.
Thesequenceof eventsis nowdepictedby thewell-knowndiagramshownin Figure4.4.
A key featureof the noisy channelis what one might call residual uncertainty. The simple coin

tossingparadigminvolved, ostensibly, no noise, so thatwhenwe observedtheoutcomeof a tossto be
“heads,” therewereno lingering doubtsthat perhapsit wasreally “ tails” andwe hadmisreadthe face
of thecoin. For this reason, wecouldwrite simply

, = H = - å plnp .

In the moregeneralcase, however, receiptof the signalyk still leavessomeresidualuncertainty;
p(xj |yk) gives the probability, not always zero, that some signal other than xj may have been
transmitted. Therefore, , is not longer simply equal to - å p(xj) lnp(xj). In fact , is less than this
amountdueto theresidualuncertainty. In general, for noisychannels

, = Hbefore - Hafter .     (4.12)

That is, the transmittedinformation is equal to the difference betweenthe sourceentropy or
uncertainty, Hbefore, givenasusualby - å p(xj) lnp(xj), andtheresidualentropy, Hafter.

Thenoisychannelwill now beanalyzedmathematicallyin two differentways: (a) by themethods
of communicationtheory, and(b) by the methodsof mathematicalpsychology. The two methodswill
lead to identical results, but there is somethingto be learnedby examining both methods. The
“minimalist” readermay certainly skip over the next sectionand proceeddirectly to the sectionof
psychologicalmethods(TheNoisyChannelII ).

THE NOISY CHANNEL I:

The information about a transmittedensembleof signalscontainedin the receivedensembleof
signals

Equation(4.1), which introducedusto theentropyconcept, is a weightedaverageof thelogarithms
of the probabilitiesof the possibleoutcomes. We shall now go backa step– actuallyrecedeto a step
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4. Informationof Eventswith DiscreteOutcomes 39

moreelementarythanEquation(4.1) – andexaminethe individual possibleoutcomes, ratherthantheir
average. However, weshallcarryout this examinationwithin thecontextof a noisychannel.

Following Middleton(1960), let usgeneralizetheexampleof Figure4.3 to includethepresenceof
noise. Again we revert to the caseof only two possiblesignals, but now we allow the possibility of
mistakes[Figure (4.5), Box 4.1]. x1 and x2 will designatethe transmittedsignals, y1 and y2 the
correspondingreceived signals. As before, let p(x1) = 0.8 and p(x2) = 0.2. Various non-zero
conditionalprobabilities, p(xj |yk), selectedarbitrarily, areindicatedon thediagram:

p(y1 |x1) = 5/8

p(y2 |x1) = 3/8

sumto 1 .

Similarly

p(y1 |x2) = 1/4

p(y2 |x2) = 3/4

sumto 1 .

p(yk), theprobabilityof receivingyk, is givenby theequation

p(yk) = p(x1, yk) + p(x2, yk)

= p(yk |x1) � p(x1) + p(yk |x2) � p(x2) .     (4.13)

Thus

p(y1) = (5/8) (0.8) + (1/4) (0.2) = 0.55

p(y2) = (3/8) (0.8) + (3/4) (0.2) = 0.45 .

Thep(yk) areenteredin Figure4.5.
Wenowmakethefollowing definitions:

+ (xj) = logp(xj) = initial or a priori uncertainty

of thereceiveraboutoccurrenceof xj .     (4.14)

+ (xj |yk) = - logp(xj |yk) = final or a posterioriuncertainty

of thereceiveraboutoccurrenceof xj

afteryk hasbeenreceived.     (4.15)

For example, a ªzeroº wasreceived(yk), but wasa ªoneº really transmitted(xj)? Thenintroducing
theideaexpressedby Equation(2.4) and(4.12) that

Information = Hbefore - Hafter ,

wehave

, (xj |yk) = + (xj) - + (xj |yk)

= log[p(xj |yk) /p(xj)]

    (4.16)

    (4.17)

from Equations(4.14) and(4.15). , m is knownasthemutualinformationof xj andyk.
Thepurposeof theexampleof Figure4.5 is to calculate, m(xj |yk) for all pairs( j, k); therefore, we

shall needvaluesof p(xj |yk). We cancalculatethis conditionalprobability using the valuesfor p(xj),
p(yk) andp(yk|xj) that havebeenenteredin the diagram. Equatingthe right-handsidesof Equations
(4.10) and(4.11),

p(xj |yk) = p(yk |xj)p(xj) /p(yk) .     (4.18)
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Box 4.1 Signalstransmittedwith probabilityp(X) andreceivedwith probabilityp(y)

Thevaluesfor p(y) wereobtainedin thefollowing manner.

p(yk) = å j=1
2 p(xj , yk), therefore,

p(y1) = p(x1, y1) + p(x2, y1)

= p(y1 |x1) � p(x1) + p(y1 |x2) � p(x2) ,

by Equation(4.13),

= (5/8 ´ 0.8) + (1/4 ´ 0.2) = 0.55

p(y2) = p(x1, y2) + p(x2, y2)

= p(y2 |x1) � p(x1) + p(y2 |x2) � p(x2)

= (3/8 ´ 0.8) + (3/4 ´ 0.2) = 0.45 .

Havingobtainedthep(yk) wecannowcalculatethep(xj |yk).

p(x1 |y1) = p(y1 |x1) � p(x1) /p(y1) = (5/8) ´ (0.8) / (0.55) = 0.90�9�

p(x2 |y1) = p(y1 |x2) � p(x2) /p(y1) = (1/4) ´ (0.2) / (0.55) = 0.090�9�

p(x1 |y2) = p(y2 |x1) � p(x1) /p(y2) = (3/8) ´ (0.8) / (0.45) = 0.666�

p(x2 |y2) = p(y2 |x2) � p(x2) /p(y2) = (3/4) ´ (0.2) / (0.45) = 0.333�

Wecannowcalculatethemutualinformationsfrom Equations(4.16) and(4.17).

, m(xj |yk) = + (xj) - + (xj |yk)

= - logp(xj) + logp(xj |yk) = log
p(xj |yk)

p(xj)

, m(x1 |y1) = log
p(x1 |y1)

p(x1)
= log(0.909/0.8) = 0.128 n.u.

, m(x2 |y1) = log
p(x2 |y1)

p(x2)
= log(0.0909/0.2) = - 0.788 n.u.

, m(x1 |y2) = log
p(x1 |y2)

p(x1)
= log(0.666/0.8) = - 0.182 n.u.

, m(x2 |y2) = log
p(x2 |y2)

p(x2)
= log(0.333/0.2) = 0.511 n.u.

Figure 4.5 Informationtransmissionin a noisychannel(cf. Figure4.3 for a noiselesschannel).
Theprobabilities5/8, 1/4, 3/8, 3/4 areconditionalprobabilities, p(Y|X). Thevaluesfor p(y) are
calculatedfrom p(X) andp(Y|X) in thetext.
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Thedetailsof thecalculationsaregivenin Box 4.1, andtheresultsaresummarizedbelow:

, m(x1 |y1) = 0.128 naturalunits(n.u.)

, m(x2 |y1) = - 0.788 n.u.

, m(x1 |y2) = - 0.182 n.u.

, m(x2 |y2) = 0.511 n.u.

We noticea strangephenomenon: , m(x2 |y1) and, m(x1 |y2) havenegativevalues. Thereceiverhas
obtainednegativeinformation; his uncertaintyaboutthetransmittedsignalis greaterhavingreceiveda
signalthanit wasbeforethesignalwastransmitted. This resultoccurswhentheconditionalprobability
for x, for examplep(x2 |y1), is lessthantheoriginal probabilityfor x, p(x2).

Theexampleof Figure4.5 canbeexpandedto includen > 2 possiblesignals.
The mutual information, , m(xj |yk), is interestingheuristically, but our primary concernis the

averageinformationgainby thereceiver. In thecaseof thenoiselesschannelwe dealtwith this matter
by taking theexpectation, E, of the logsof the transmissionprobabilities(seefor example, Freundand
Walpole[1980] or anystandardtext onprobability),

H = - E[logpi ] = - å
i=1

n

pi logpi .     (4.1)

Weshallapproachthenoisychannelin thesameway, mutatismutandis.
Let usdefine

H(X) = E[+ (X)] = - å
j=1

n

p(xj) logp(xj) .     (4.19)

H(X), the sourceentropy (cf. Equation(4.9) above), is the averagea priori uncertaintyabout
occurrenceof x (beforeanyxj occurs). Recallingtheresultof Equation(4.8), we seethatH(X) will be
maximumwhenall p(xj) areequal.

In a similar fashion, we can define the conditional entropy, H(X|y), for the set of transmittedxj

giventhereceivedsetyk:

H(X|y) = Exy[+ (x|y)] = - å
j=1

n

å
k=1

n

p(xj , yk) logp(xj |yk) .     (4.20)

That is, the logarithmsof theprobabilitiesof xj givenyk areaveragedby meansof a weightedsum
of the joint probabilitiesof the occurrenceof xj and yk. H(X|y) is, then, the averagea posteriori
uncertaintyaboutthe setof xj after the setyk hasbeenreceived. It representsthe information lost in
transmissionandis sometimesknownastheequivocation.

Againusingtheprincipleexpressedby Equations(2.4), (4.12) and(4.16) wewrite

, (X|y) = H(X) - H(X|y) .     (4.21)

, (X|y) is the averagemutual information; or the averageinformation about the ensembleof
transmittedsignals, X, containedin the ensembleof receivedsignals, Y; or the averagetransmitted
information. It will be referredto simply asthe transmittedinformation. ExpressingEquation(4.21) in
words,

transmittedinformation = sourceentropy– equivocation

= sourceentropy– informationlossdueto errorsin transmission.

Equation(4.21) is anexplicit form of Equation(4.12). Written in full ,

, (X|y) = - å
j=1

n

p(xj) logp(xj) + å
j=1

n

å
k=1

n

p(xj , yk) logp(xj |yk) .     (4.21a)
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An alternativeformulationof this equationis (seeAppendix)

, (X|y) = - å
j=1

n

p(xj) logp(xj) + å
k=1

n

p(yk) å
j=1

n

p(xj |yk) logp(xj |yk) .     (4.21b)

It canbeshownthat, (X|y) is alwaysequalto or greaterthanzero.1 Whenthechannelis noiseless,
p(xj , yk) = 0 for all j ¹ k, so that from Equation(4.20), H(X|y) = 0, and Equation(4.21) becomes
effectivelyidenticalto (4.1).

In thesamewaywedefine

H(X, y) = - å
j=1

n

å
k=1

n

p(xj , yk) logp(xj , yk)     (4.22)

whereH(X, y) is the joint entropyof the ensembles. Analogouslywe candefinethe receiverentropy,
H(y), andtheinformation, (Y|X). Variousinterestingrelationshipsamongthesevariablesemerge, for
which thereaderis referredto thestandardtextbooksoncommunicationtheory.

The derivation of Equation(4.21) was our primary aim in this section. We shall now reorient
ourselvesandexaminethenoisychannelfrom thepoint of view of thepsychologistof the1950' s.

THE NOISY CHANNEL II :

Theinformationrequiredfor a categoricaljudgment. The“ confusion” matrix

It wasbut threeyearsaftertheappearanceof Shannon' s seminalwork thatGarnerandHake(1951)
publishedtheir well-known paperentitled ªThe Amount of Information in AbsoluteJudgments.º We
shall deriveEquation(4.21) again, but now within thecontextof a Garner-Hakeexperimentinvolving
humanjudgments, ratherthanby analysisof the transmissionof signalsthrougha channel. Actually,
there is no salientdifferencebetweenthesetwo paradigms, but it is instructive to look at the same
problemin a differentway.

The ideaof anexperimentinvolving judgedcategoriescanbe illustratedwith the following simple
example. Supposethat thereare threerodswhoselengthsare10 cm, 20 cm and30 cm. A subjectis
shownthe10 cm rod andtold that it hasa lengthof 10 cm; heor sheis thenshownthe20 cm rod and
told that it hasa lengthof 20 cm, etc. Thereafter, the experimenterdrawsthe rodsfrom the tableand
showsthemto thesubject, who triesto identify therod as10-, 20- or 30-cm by visualexamination. The
subjectis not permittedto measurethe rods. However, the chancesaregoodthat he or shewill never
makea mistake; the 10-cm rod will alwaysbe identified as10 cm long, etc. Let us call the actualrod
presentedto thesubjectthestimulus(the10-cm rod will bestimulus1, the20-cm rod, stimulus2, and
the 30-cm rod, stimulus 3), and let us call the subject' s identification or reply, the response(the
identification this rod is rod 1 will be response1, etc.) Supposethe experimentcontinuesuntil 100
stimulus-responseshavebeenmade. Wecanrepresentthestimuli by xj , j = 1,2,3, andtheresponsesby
yk, k = 1,2,3. That is, x2 will representa trial wherethe subjectis presentedwith the 20-cm rod for
identification, andy3 will representthe act of the subjectin identifying the 30-cm rod. The resultsof
suchanexperimentwill probablylook muchlike thoseshownin Table4.1. In this examplethe10-cm
rod stimuluswas given 33 times (x1 = 33) and correctly identified 33 times (y1 = 33). It was never
incorrectlyidentified asthe 20-cm rod or the 30-cm rod. The 20-cm rod wasgiven 34 times, etc. The
columnsandrowsareeachsummatedand, of course, thesumof sumsfor rowsandthesumof sumsfor
columnsare eachequal to 100. In the stimulus-responsematrix depictedby the Table 4.1 only the
diagonalelementsarenon-zero.

Supposethatthethreerodsarenow cut to 20 cm, 22 cm and24 cm, andtheexperimentis repeated.
The subjectis now going to makemistakesin identification. A possiblestimulus-responsematrix is
shownin Table4.2. In this hypotheticalexperimentthe stimulusx1, the 20-cm rod, waspresented33
timesin all, wascorrectlyidentifiedonly 21 times, wasidentifiedasy2 on 7 occasionsandasy3 on 5
occasions. The stimulus-responsematrix is no longer diagonal. The non-zero off-diagonalelements
representmistakesin identification (cf. errors in signal transmission). It would seemclear that a
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Table 4.1 Threerodsof lengths10, 20 and30 cm

ResponseCategories, yk

Stimuluscategories, xj y1 = 10 cm y2 = 20 cm y3 = 30 cm Totals

x1 = 10 cm 33 0 0 33

x2 = 20 cm 0 34 0 34

x3 = 30 cm 0 0 33 33

Totals 33 34 33 100

stimulus-responsematrix (sometimescalled a ªconfusionº matrix) is, in principle, the sameas a
transmission-receipt matrix for a standardcommunicationchannelsuch as a telephone; in place of
ªstimulusº readªsignaltransmittedº andin placeof ªresponseº readªsignalreceived.º

Therearethreerestrictionsto thetypeof categoryexperimentwith whichweshallbedealing. First,
we areconcernedonly with thoseexperimentsdealingwith stimuli of the ªintensityº type, suchasthe
intensityof light or of soundor theconcentrationof a solutionor themagnitudeof a force. That is, we
shall not be concernedwith stimuli such as the length of rods, although they servedas a simple
introductionto theconfusionmatrix. Second, we areinterestedprimarily in thesetof stimuli thatspan
the totality of the physiologicalrange, from thresholdto maximumnon-painful stimulus; for example
auditorystimuli will extendfrom thresholdto about1010 or 1011 timesthreshold. Theupperlimit to the
rangeof stimuli is often hard to define. Third, we are concernedprimarily with the resultsobtained
from ªtrainedº subjects; that is, with subjectswho havehadasmuch time asdesiredto practiceand
learn which stimulus correspondsto which category. We speak more about the design of these
experimentsafterwediscussthemethodsof analysis.

Let us now generalizethe discussionof the stimulus-responsematrix. Except for someminor
changesin nomenclature, we follow themethodof GarnerandHake. Althoughthenumberof stimulus
categoriesneednot, in principle, be equalto the numberof responsecategories, we take them to be
equal, just for simplicity.

Let N be the total numberof trials, or the numberof times a stimuluswas presentedto a given
subjectin the courseof a singleexperiment. ThenNjk is the numberof timesa stimulusin categoryj
was given and identified to be responsecategoryk. That is, N35 is the numberof times stimulus
category3 wasgivenby theinvestigatorbut identifiedor judged(incorrectly) to be(response) category
5. TheNjk canbetabulatedasin Table4.3. Thesumof all elementsin thekth columnequalsN� k . That
is,

å
j=1

n

Njk = N� k .     (4.23)

Table 4.2 Threerodsof lengths20, 22 and24 cm

ResponseCategories, yk

Stimuluscategories, xj y1 = 20 cm y2 = 22 cm y3 = 24 cm Totals

x1 = 20 cm 21 7 5 33

x2 = 22 cm 8 24 2 34

x3 = 24 cm 5 9 19 33

Totals 34 40 26 100
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Similarly, thesumof all elementsin thej th row equalsNj � . Thatis,

å
k=1

n

Njk = Nj � .     (4.24)

Thetotal numberof stimuli givenis equalto thetotal numberof responsesmade:

å
k=1

n

N� k = å
j=1

n

Nj � = N .     (4.25)

Wecandefinethejoint probabilityp(xj , yk) by

p(xj , yk) = Njk /N .     (4.26)

Wecanalsodefinethefollowing probabilities, a posteriori, usingN� k, Nj � andN :

p(xj) = Nj � /N

p(yk) = N� k /N .

    (4.27)

    (4.28)

Similarly, wecandefinetheconditionalprobabilities

p(xj |yk) = Njk /N� k ,     (4.29)

which is theconditionalprobabilityof stimulusxj givenresponseyk; and

p(yk |xj) = Njk /Nj � ,     (4.30)

which is the conditionalprobability of responseyk given stimulusxj . Eachof the equations(4.26),
(4.29) and(4.30) providesthe elementsfor a new matrix, which areshownin Tables4.4a - 4.4c. We
observethatall of theelementsin thematricesshownin Tables4.3 and4.4 canbeevaluatedfrom the
datacollectedin anexperimentoncategoricaljudgmentsperformedin themannerdescribedabove.

Recallingagainthetwo definingequationsfor conditionalprobability,

p(xj , yk) = p(xj |yk) � p(yk)     (4.10)

p(xj , yk) = p(yk |xj) � p(xj) .     (4.11)

The abovetwo equationsareverified by the a posteriori Equations(4.26) to (4.30). For example,
usingEquations(4.28) and(4.29), wecanevaluatetheright-handsideof Equation(4.10):

p(xj |yk) � p(yk) =
Njk

N� k
� N� k

N
=

Njk

N
.

By Equation(4.26), theleft-handsideof (4.10) is givenby Njk /N, asrequired.

Table 4.3 GeneralizedStimulus-ResponseMatrix

Responsecategories

Stimuluscategories y1 y2 yk yn Total

x1 N11 N12 N1k N1n N1�

x2 N21 N22 N2k N2n N2�

xj Nj1 Nj2 Njk Njn Nj �

xn Nn1 Nn2 Nnk Nnn Nn�

Total N� 1 N� 2 N� k N� n N
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Table 4.4a Dividing Each Element of the Stimulus-ResponseMatrix in Table 4.3 by N
[Equation(4.26)] ProducesaMatrix of JointProbabilities, p(xj , yk).

Responsecategories

Stimuluscategories y1 yk yn

x1 p(x1, y1) p(x1, yk) p(x1, yn)

x2 p(x2, y1) p(x2, yk) p(x2, yn)

xj p(xj , y1) p(xj , yk) p(xj , yn)

xn p(xn, y1) p(xn, yk) p(xn, yn)

Table 4.4b Dividing Each Element of the Stimulus-ResponseMatrix in Table 4.3 by N.k

[Equation(4.29)] ProducesaMatrix of ConditionalProbabilities, p(xj |yk).

Responsecategories

Stimuluscategories y1 yk yn

x1 p(x1|y1) p(x1|yk) p(x1|yn)

x2 p(x2|y1) p(x2|yk) p(x2|yn)

xj p(xj |y1) p(xj |yk) p(xj |yn)

xn p(xn|y1) p(xn|yk) p(xn|yn)

Table 4.4c Dividing Each Element of the Stimulus-ResponseMatrix in Table 4.3 by Nj.

[Equation(4.30)] ProducesaMatrix of ConditionalProbabilities, p(yk |xj).

Responsecategories

Stimuluscategories y1 yk yn

x1 p(y1|x1) p(yk|x1) p(yn|x1)

x2 p(y1|x2) p(yk|x2) p(yn|x2)

xj p(y1|xj) p(yk|xj) p(yn|xj)

xn p(y1|xn) p(yk|xn) p(yn|xn)

Werequire, now, onefinal definition. Let

P(xj , yk) = p(xj) � p(yk) .     (4.31)

We caninterpretthe quantityP(xj , yk) asthe probability of occurrenceof two independentevents.
Theseindependenteventsoccurwith probabilitiesp(xj) andp(yk). For example, if a coin is tossedon
two occasions, the outcomesof the two tossesare independent. The probability of headson the first
tossis 1

2 andthe probability of headson the secondtossis 1
2 . Thereforethe probability of headson

both tossesequals 1
2 ´ 1

2 = 1
4 . However, the outcomeyk is, in general, not independentof the

outcomexj . That is, responseyk is not, in general, independentof the appliedstimulus, xj . In fact, we
believethat the outcomeof stimuluseventsandresponseeventsarequite closelyrelated. If xj andyk

were independentor ªuncoupledº for some observer, P(xj , yk) would give the probability of
concurrenceof thetwo outcomes. Heor shewould, however, bethepoorestpossibleobserver, sincehis
or her responseswould be totally unrelatedto the correspondingstimulus(see, however, the problem
for thereaderin Chapter5, Psychology: CategoricalJudgments).

Now, wehavedefinedthejoint entropyof this stimulus-responsesystemby Equation(4.22)

H(X, y) = - å
j=1

n

å
k=1

n

p(xj , yk) logp(xj , yk) .     (4.22)
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Therefore, wecandefinethemaximumjoint entropyby

H(X, y)max = - å
j=1

n

å
k=1

n

P(xj , yk) logP(xj , yk) .     (4.23)

Themaximumentropycorrespondsto themostªdisorderedº system, which, in turn, corresponds to
the systemin which input (stimulus) andoutput (response) are totally uncorrelated. In sucha system
joint entropyis equalto H(X, y)max. In sucha systemno informationaboutthestimulusis transmittedto
thesubjectsinceheor shedoesnot associatea givenresponsewith anyparticularstimulus.

We can now presentan alternativeto Equations(4.12) and (4.21), which statedthat the average
informationabouttheensembleof transmittedsignalsor stimuli containedin theensembleof received
signalsor responsesis givenby

, (X|y) = H(X) - H(X|y)

= Hbefore - Hafter .

    (4.21)

Wenow introduceasanequivalentmathematicalstatement

, (X|y) = H(X, y)max - H(X, y) .     (4.33)

The quantitieson the right-handsidecanbe evaluatedusingEquation(4.22) and(4.32) which, in
turn, canbe evaluatedfrom the measuredresults. Equation(4.33) is, perhaps, moreeasilyunderstood
intuitively than (4.21). When H(X, y) takeson its maximumvalue (transmittedand receivedsignals
independent), the transmittedinformation, , (X|y), equalszeroasrequired. WhenH(X, y) takeson its
minimum value, , (X|y) is maximum. But , (X|y) is maximumwhen no errorsin identification are
made; that is whenthe matrix elementsNjk = 0 for j ¹ k. We canseefrom Table4.1 that underthese
conditions, Equation(4.33) reducesto

, (X|y) = H(X) .     (4.34)

With referencenow to Equation(4.21), we seethat , (X|y) is maximumwhen the equivocation,
H(X|y), is equalto zero, whenwehave

, (X|y) = H(X) .     (4.34)

So we obtain the sameasymptotic result from (4.21) and (4.33). Therefore, on first glance,
Equation(4.21) and (4.33) seemto exhibit similar properties. The interestedreaderis referredto the
Appendixfor a detailedproof thattheseequationsareactuallyidentical.

Equation(4.21) maybewritten in words:

Informationtransmitted= stimulusentropy– stimulusequivocation.     (4.35)

Wemaynowadda symmetricalequation,

, (Y|X) = H(y) - H(Y|X)     (4.36)

or, expressedin words,

Informationtransmitted= receiverentropy– receiverequivocation.     (4.37)

SUMMARY

Amid themaelstromof equationsin this chapter, let uskeepin mind thatwhatwe havedoneis, in
the final analysis, very simple. We have demonstratedin two ways (using the paradigm of a
transmissionline and of an experimenton categoricaljudgments) that information transmittedfor a
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noisychannel, , (X|y), maybecalculatedfrom Equations(4.21) and(4.36):

, (X|y) = H(X) - X(X|y)

= H(y) - H(Y|X) bits persignalor bits perstimulus.

Someof the probabilitiesusedto calculate, (X|y) may be known a priori , suchasthe p(xj), the
probability of transmissionof a signalor of applicationof a stimulus. Otherprobabilitiesmay only be
known a posteriori, after an experimenthasbeenconducted. We shall run throughan exampleof the
calculationof , (X|y) in thenextchapter.

The aboveequationshavebeenderivedfrom two ostensiblydistinct, but nonethelessequivalent,
startingpoints. Webeganwith

, (X|y) = Hbefore - Hafter ,     (4.12)

andalternativelywith

, (X|y) = H(X, y)max - H(X, y) .     (4.33)

Bothviewpointsled to thesameconclusion.
Wenote, finally, thatwhentheequivocation, H(X|y), is equalto zero, weobtain

, (X|y) = H(X) ,     (4.34)

which is theinformationtransmittedfor a noiselesschannel, asexpressedby Equation(4.1).

THE BOTTOM LINE

In orderto calculatetheaveragemutualinformation, , (X|y), onemayuseeitherEquation(4.21a)
or (4.21b). Either of theseequationsmay be convenientlyutilized in a computerprogram, suchasthe
onegivenin Chapter5.

APPENDIX: THE EQUIVALENCE OFEQUATIONS(4.21) AND (4.33)

To demonstratethat

, (X|y) = H(X) - H(X|y)     (4.21)

and

, (X|y) = H(X, y)max - H(X, y)     (4.33)

areidentical.
Beginningwith Equation(4.33), weexpandtheright-handsideusingEquations(4.22) and(4.32):

, (X|y) = - å
j=1

n

å
k=1

n

P(xj , yk) logP(xj , yk)

+ å
j=1

n

å
k=1

n

p(xj , yk) logp(xj , yk) .     (A4.1)

The first double summationon the right-hand side can be simplified by introducing Equation
(4.31), thedefiningequationfor P(xj , yk):

- å
j=1

n

å
k=1

n

P(xj , yk) logP(xj , yk) = - å
j=1

n

å
k=1

n

p(xj)p(yk) log[p(xj)p(yk)]

= - å
j=1

n

å
k=1

n

p(xj)p(yk) logp(xj) - å
j=1

n

å
k=1

n

p(xj)p(yk) logp(yk)

= - å
j=1

n

p(xj) logp(xj) å
k=1

n

p(yk) - å
j=1

n

p(xj) å
k=1

n

p(yk) logp(yk) .
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Sinceå j=1
n p(xj) = 1 = å k=1

n p(yk),

- å
j=1

n

å
k=1

n

P(xj , yk) logP(xj , yk)

= - å
j=1

n

p(xj) logp(xj) - å
k=1

n

p(yk) logp(yk)

= H(X) + H(y)     (A4.2)

by Equation(4.19) andits analog.
Continuingwith theseconddoublesummationon theright-handsideof Equation(A4.1),

å
j=1

n

å
k=1

n

p(xj , yk) logp(xj , yk)

= å
j=1

n

å
k=1

n

p(yk)p(xj |yk) log[p(yk)p(xj |yk)]

usingEquation(4.11),

= å
j=1

n

å
k=1

n

p(yk) logp(yk) � p(xj |yk) + å
j=1

n

å
k=1

n

p(yk)p(xj |yk) logp(xj |yk)

= å
k=1

n

p(yk) logp(yk) å
j=1

n

p(xj |yk) + å
j=1

n

å
k=1

n

p(yk)p(xj |yk) logp(xj |yk)

= å
k=1

n

p(yk) logp(yk) + å
j=1

n

å
k=1

n

p(xj , yk) logp(xj |yk)

    (A4.3)

    (A4.4)

(sinceå j=1
n p(xj |yk) = 1)

= - H(y) - H(X|y) ,     (A4.5)

where

H(y) = - å
k=1

n

p(yk) logp(yk) = receiverentropy     (A4.6)

and

H(X|y) = - å
j=1

n

å
k=1

n

p(xj , yk) logp(xj |yk) = sourceequivocation.     (4.20)

CombiningEquations(A4.1), (A4.2) and(A4.5), wehave

, (X|y) = H(X) + H(y) - H(y) - H(X|y)

, (X|y) = H(X) - H(X|y) .     (A4.7) / (4.21)

We observethat Equation(A4.7) is identical to Equation(4.21). This equationgives the average
mutualinformation, or theaverageinformationaboutthe

ensembleof
transmittedsignals

stimuli
X ,

containedin the

ensembleof
receivedsignals

responses
Y ,

or theaveragetransmittedinformation.
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Therefore, we haveconvertedthe right-handside of Equation(4.33) into the right-handside of
Equation(4.21), showingthattheequationsareidentical.

If we evaluatethe seconddoublesummationon the right-handsideof Equation(A4.1) using the
conditionalprobabilityp(yk|xj), we canobtainin thesameway Equation(4.36). Finally we shouldnote
thatif wewrite

p(xj , yk) = p(yk)p(xj |yk) ,     (4.11)

introducethis quantityinto Equation(4.20) andreversetheorderof summation, wehave

H(X|y) = - å
k=1

n

p(yk) å
j=1

n

p(xj |yk) logp(xj |yk)     (A4.8)

which is analternativeformulationof H(X|y). This equationwasusedto deriveEquation(4.21b).

NOTES

1. Therearevery few ªIt canbeshownthatº ' s in this book. I, personally, regardthatphrasewith a
degreeof suspicion: I suspecttheauthorreally can' t proveit, andthis is hiswayof gettingoff thehook.
But what really elevatessuspicionto the point of certaintyis whenthe authorwrites ºIt caneasilybe
shownthat.º How manyhoursI havewhiled awayjust to provethingsthat oneauthoror anotherhad
foundsoobviousthat it wasnot worth demonstrating! Would it havetakenme that long if it couldbe
ªeasilyshownº? Certainlynot! I' m suretheauthoris bluffing. All of themare. It can' t beme.
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