CHAPTER 4

INFORMATION OF EVENTSWITH
DISCRETEOUTCOMES METHODS
OF COMMUNICATION THEORY
AND PSYCHOLOGY

We wereintroducedto the conceptof informationin Chapter2, wherethe distinction was made
(note4) betweendiscreteand continuousoutcomedo anevent An eventwith only discreteoutcomes
is onesuchasthetossof a coin, which canlandonly headsor tails. An eventwith continuousoutcomes
is one suchasthe time of a responsewhich can in principle take on an infinity of values In this
chapterwe consideronly eventsof the formertype andwe analyze usingtwo parallelandequivalent
methods how information is transferredduring theseevents The readeris remindedthat the word
information if it is not qualified by an adjective will alwaysreferto thatquantitywhich is measured
by information theoretical entropy (sometimescalled communicationsentropy. In Chapter2 we
glimpsedthe way in which the information or entropyconceptwasto be employedin the analysisof
sensoryevents a naturallaw will be formulatedgiving perceptuatesponsgsuchasthe rate of action
potentialpropagationn a sensoryneuror asa mathematicafunction of the entropyof a stimulus If
information and hence entropy were only an arbitrary creation of communicationsengineers
fabricatedasa convenienimeansof measuringhe efficiency of transmittinga messageén a telephone
cable it would be surprisingindeedthat nature would use the samemeasurein sensoryneurons
Therefore we shall proceedin Chapter6 to examinehow the information concept masqueradingn
different garh was introducedinto physicsby Ludwig Boltzmannmore than half a century before
Shannois paperon the theoryof communicationandhow information(or, equivalently informational
entropy waswoveninto the fabric of physicallaw. As the story unfolds we shall seethatthe entrance
of informationalentropyasa primary variableof neurophysiologyseemdo be an extensionof its role
asaprimaryvariablein physics

PICKING UP THE THREAD

We supposédhat someeventmay happenn N discreteways For example a electionmay resultin
only 1 winner from among12 candidatesvho are running We may say, therefore that the election
eventhasN = 12 possiblediscreteoutcomes The uncertaintythat prevailsbeforethe electionresults
areknownis measuredisingthe entropy H, thatwasdefinedby Equation(2.1):

H=- pi logpi (4.2

Qo

I
s

wherep; is the probability of the i!" outcome Thatis, H is a weightedsumof the logarithmsof the a
priori probabilities Of course the probabilitiesmustsumto unity; thatis,

I\
ap=1. (4.2)
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4. Informationof Eventswith DiscreteOutcomes 35

Therefore the electionuncertaintyis givenby

12

H=- & pilogpi,

i=1

whereps is theassumegbrobabilitythatcandidatel will be elected etc We notethat, in contrasto the
earlier exampleof tossinga coin or rolling a die where the a priori probabilities were possibly
determinedyeometrically the probabilitiesin this exampleareestablishedy varioussubjectivemeans
(perhapsaugmentedoy the resultsof pre-election polls). When the resultsof the election become
known the uncertaintyvanishes and information aboutthe electiontakesits place The information
aboutwhich candidatevon the electionis equalto the preexistinguncertainty sothat

, =H. (4.3)

We recall that the baseof the logarithmsusedis arbitrary, and alsothatwhenall the probabilities
areequal(sayequalto p), then

H = logN, (4.4)
where
N=1/p. (4.5)

We might askthe very naturalquestion Given somevaluefor the numberof possibleoutcomesN,
which valuesfor p; will renderH maximun® For example supposene dealwith an eventwith two
possible outcomeswhose probabilities are p1 and p,. Then as a consequencef Equation (4.2),
p2 = 1- p1. Whatvalueof p1 will thenproducea maximumvaluefor H? FromEquation(4.1),

H =-pilogp: - (1- p1)log(l- p1). (4.6)

We shall take limg,, ,p1logp:s = 0. Then we may seethat for p1 =0, H = 0, and for p; = 1,
H = 0. This resultis quite reasonablesince whenp: = 0, p2 = 1, the secondoutcomeis a certainty
and therefore uncertainty H, vanishesH is similarly equalto zerofor p1 = 1, whenthefirst outcome
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Figure 4.1 Entropyof an eventwith two possibleoutcomesasa function of the probability,

— P H — - 1
p1, of oneof theseoutcomesp, = 1- p;. Notethatentropyis maximumfor p; = pz = .
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4. Informationof Eventswith DiscreteOutcomes 36

is a certainty The mathematicafunction H(p1) must therefore be equalto zerofor the two extreme
valuesof p;. Moreover becauseof the symmetryin the variablesp; and p2, the function must be

symmetricalabouttheline p; = % The completegraphof H vs. p1 is shownin Figure4.1, whereH is

seernto bemaximumfor p; = p2 = 5.

Considemow the generalcaseof aneventwith N possibleoutcomesThenH is givenby Equation
(4.1) subjectto the constraintexpressedby Equation(4.2). In orderto extremizeH, thatis, to find its
relativemaximaandminima, we introducea Lagrangiammultiplier, | , to producethe expression

N N
:-épilnpi+l(épi-l). 4.7)
i=1 i=1
Thatis, we setup the expression

G = entropy+ Lagrangiammultiplier ~ constraint

The valuesof p; for which H is an extremumsubjectto the normalizationconstraintis found by
differentiatingG partially with respecto eachof the pi, andequatingthe derivativesto zera

N N
—ﬂ—[-épilogpiﬂ (é pi - lﬂ =0

TP 4 i=1
-1-Inpck+l =0
Inpc=1-1
px=¢€-1, forallp. (4.8)

Thatis, all p; areequalandmustbe equalto 1/N for anextremum

In principle, we arenotyetfinished sincewe mustshowthatthe extremumfor H whenp; = 1/Nis,
in fact, amaximum For the completionof the proof, thereadelis referredto Raisbeck1963).

Sotheentropy H, is maximumwhenthe outcomef the eventareequally probable aswe sawin
the examplein Figure4.1. In otherwords we are mostuncertainwhen an eventis equally likely to
occur in various possibleways and we derive the greatestpossibleamountof information from

Figure 4.2 Entropyof aneventwith threepossibleoutcomesasa functionof the probabilities
p. and p, of these outcomes Entropy, H, is given by H =- éle pilogpi. Since
ps = 1- p1- p2, therefore
H = -pilogp: - pzlogpz - (1- p1- p2)log(1- ps- pa2).

The graphshowsH asa function of p; andp.. However appearancesanbe deceiving In the
graphshown the origin is actuallyremotefrom the viewerandthe p;- andp,- axescometoward
him/her. The viewer's eyeis situatedbelow the p;-p, plane and the surfaceis concave not
convex(asit appeark H is, of course maximumatp, = p, = ps =1/3.
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4. Informationof Eventswith DiscreteOutcomes 37

observingthe outcomeof suchan event Justfor the fun of it, Figure 4.2 depictsan eventwith 3
possibleoutcomeswith probabilitiesp:, p2 andps. Sinceps = 1- p1 - p2, H canbe plottedalongthe
z-axisasafunctionof thetwo variablegp: andp,. H is maximumfor p; = p2 = pz = 1/3.

Just a note on the appropriatenessf the log-function as a meansof expressinginformation
Supposewe tossa fair coin. Thenthe headtail informationwe obtainis log,2 = 1 bit. If we tossthe
coin a secondtime, we receivean additional 1 bit of information Therefore the total amountof
informationthatwe receiveby observingthe resultsof 2 sequentiatossess 2 bits. Supposenow, that
we place2 coinsin a closedbox, shakethe box, andobservethe resultsof the simultaneousoss How
muchinformationdo we receive® Well, thereare4 equallyprobableoutcomedo the simultaneousoss
HH, HT, TH, TT. Therefore the quantity of informationreceivedis equalto log,4 = 2 bits, the same
amountwe receivedby tossingthetwo coinssequentially Any otherresultwould havebeenuntenable

A CHANNEL OF COMMUNICATION

We considernow some meansof transmittinga messagebetweentwo stations The meansis
arbitrary It could be electricalor optical suchasthatusedfor a telephoneor evenacousticakuchas
thatusedfor ordinaryspeechin orderto simplify theinitial discussionsupposehatonly two symbols
aretransmitted 1 or O; thatis, messagesonsistpurely of stringsof 0'sandl’s. Let us supposealsq
that our channeltransmitswithout error, so that eachtime the transmittersends0, the receivergetso,
etc. For purposef illustration, supposehatthe probability of transmittingO is 0.2 andthe probability
of transmitting1 is 0.8 (Figure 4.3). We can representthe probabilitiesof symbols (0, 1) for the
transmitter(sourcé by the vector (0.2, 0.8), andthe probabilitiesof symbols(0, 1) for the receiverby
thesamevector(0.2, 0.8). Thetransmittey or sourceentropyis givenby

2
Hsource: - é_ ps|09ps = - OZIOgOZ' 08'0908 .

i=1

Similarly, thereceiverentropyis givenby

2
Heceiver = - é. prlogpr = - 0.2l0og0.2- 0.8l0g0.8.

i=1
Theinformationreceivedby thereceiveris then

= Hsource: receiver* (4-9)

Now the realities of communicationare such that interference or noise usually affects the
transmissiorof signalsthrougha channel resultingin errorsatthereceiver Thatis, thetransmissiorof
a zero will sometimesresult in the receiptof a one and vice versa In this case the information
received, , will notbeequalto H,,..0r t0 H,..civer Ve shallnow developequationsgyoverningthe
informationreceivedwhena signalis receivedfrom sucha noisy channel Only a little in the way of
basicmathematicss required somefacility with iteratedsummationoperatorssuchasd L, & ., and

Figure 4.3 Informationtransmissiorin a noiselesshannel The probability of transmissiorof
X1 equals0.8 and sincep(y: | x1) = 1, thereforeprobability of receiptof y; equals0.8, etc
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4. Informationof Eventswith DiscreteOutcomes 38

Figure 4.4 Schemdor anoisychannel

the definition of conditionalprobability. We dealwith signalstransmittedfor which we usethe symbol
Xj, and signalsreceived for which we shall use the symbol yx. Let us generalizeour lexicon of
transmittedsymbolsfrom 2 to n. Then for example pj(x1) representshe probability of transmitting
signalxi, andpk(ys) representshe probability of receivingsignalys. In generalthen pj(x;) represents
the probability of transmittingthe signalx;, andpk(y«) representshe probability of receivingthe signal
yk. To simplify the nomenclaturewe candrop the subscriptdollowing the p without introducingany
ambiguity. p(x;) will meanp;j(x;), etc We definep(x; | yx) asthe conditionalprobability of x; giveny;
that is the probability that signal x; was transmittedgiven that signal yx was received p(yx|X;) is
definedanalogously We further define p(x;, yx) asthe joint probability that x; wastransmittedand yi
received Fromthe definition of conditionalprobability emergetwo fundamentakquationghatwe use
onvariousoccasions

P(Xj, Yi) = P(Xj[yk)  p(yk) (4.10)
P(Xj, Yi) = plyxlX) px) (4.11)

wherethe dot signifiesordinarymultiplication

Thesequencef eventsis now depictedoy thewell-knowndiagramshownin Figure4.4.

A key featureof the noisy channelis what one might call residual uncertainty The simple coin
tossingparadigminvolved ostensibly no noise sothatwhenwe observedhe outcomeof a tossto be
“heads’ therewereno lingering doubtsthat perhapdt wasreally “tails’ andwe had misreadthe face
of the coin. For this reasonwe couldwrite simply

: :H:-éplnp.

In the more generalcase however receiptof the signalyi still leavessomeresidualuncertainty
p(X;|yk) gives the probability, not always zerg that some signal other than x; may have been
transmitted Therefore , is not longer simply equalto - & p(x;)Inp(x). In fact, is lessthan this
amountdueto theresidualuncertainty In generalfor noisychannels

= Hbefore' Hafter' (4-12)

That is, the transmittedinformation is equal to the difference betweenthe sourceentropy or
uncertainty Hyre givenasusualby - & p(x;) In p(X;), andtheresidualentropy H -

The noisy channelwill now be analyzedmathematicallyin two differentways (a) by the methods
of communicatiortheory, and (b) by the methodsof mathematicapsychology The two methodswill
lead to identical results but there is somethingto be learnedby examining both methods The
“minimalist’ readermay certainly skip over the next sectionand proceeddirectly to the sectionof
psychologicamethodg The Noisy Channell).

THE NOISY CHANNEL I:

The information about a transmittedensembleof signals containedin the receivedensembleof
signals

Equation(4.1), which introducedusto the entropyconceptis a weightedaverageof the logarithms
of the probabilitiesof the possibleoutcomesWe shall now go backa step— actuallyrecedeto a step

Information SensatiorandPerceptionO KennethH. Norwich, 2003.



4. Informationof Eventswith DiscreteOutcomes 39

moreelementarythanEquation(4.1) — andexaminethe individual possibleoutcomesratherthantheir
averageHowever we shallcarry out this examinatiorwithin the contextof a noisychannel

Following Middleton (1960), let us generalizeéhe exampleof Figure4.3 to includethe presencef
noise Again we revertto the caseof only two possiblesignals but now we allow the possibility of
mistakes[Figure (4.5), Box 4.1]. x; and x» will designatethe transmittedsignals y; andy. the
correspondingreceived signals As before let p(x1) = 0.8 and p(x2) = 0.2. Various nonzero
conditionalprobabilities p(x; | yx), selectedarbitrarily, areindicatedon the diagram

p(yilx1)) =  5/8
p(yz|x1) =  3/8
sumto 1.
Similarly
p(yilx2) =  1/4
p(yz2[x2) =  3/4
sumto 1.

p(yk), the probability of receivingy, is givenby theequation

P(YK) = p(X1, Yi) + p(X2, Yi)

= p(yk|x1) p(x1) +p(ykIX2) p(X2). (4.13)
Thus

p(y1) = (5/8)(0.8) +(1/4)(0.2) = 0.55
p(y2) = (3/8)(0.8) +(3/4)(0.2) = 0.45.

Thep(yk) areenteredn Figure4.5.
We now makethefollowing definitions

+ (X)) = logp(x;) = initial or a priori uncertainty

of thereceiveraboutoccurrencef x; . (4.14)

+ (Xjlyw) = - logp(xj|yx) = final or a posterioriuncertainty
of thereceiveraboutoccurrencef x;
afteryx hasbeenreceived (4.15)

Forexample a?zerd® wasreceived(yx), butwasa2one really transmittedx;)? Thenintroducing
theideaexpressetby Equation(2.4) and(4.12) that

Information = Hygtore- Hatter »

we have

+ () -+ (Xi1yw) (4.16)
loglp(x; |yi) / p(x;)] (4.17)

from Equationg4.14) and(4.15). , m is knownasthe mutualinformationof x; andy.

The purposeof the exampleof Figure4.5 is to calculate, m(X;|yk) for all pairs(j, k); therefore we
shall needvaluesof p(x; |yk). We can calculatethis conditional probability using the valuesfor p(x;),
p(yx) andp(yk|X;) that havebeenenteredin the diagram Equatingthe right-handsidesof Equations
(4.10) and(4.112),

» (X 1y

P(Xi [yi) = PCyxlX;) () /P(Yid) - (4.18)
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Box 4.1 Signalstransmittedwith probability p(X) andreceivedwith probability p(y)

Thevaluesfor p(y) wereobtainedn thefollowing manner

p(yx) = éjzzl p(Xj, Yk), therefore

p(y1) = p(Xa, y1) + p(X2, Y1)
= p(y1|%1) p(x2) +p(y1|x2) p(x2),
by Equation(4.13),
=(5/8" 0.8)+(1/4" 0.2) = 0.55
p(y2) = p(X1, y2) + p(X2, Y2)
= p(yz1x1) p(x1) +p(yz|x2) p(x2)
=(3/87 0.8)+(3/4" 0.2) = 0.45.
Havingobtainedhe p(yx) we cannow calculatethe p(x; | ).

P(X1|y1) = p(y1|x1) p(xa)/p(ys) = (5/8)" (0.8)/(0.55) = 0.909
P(x2|y1) = p(y1lx2) p(x2)/p(y1) = (1/4)" (0.2)/(0.55) = 0.0909
P(X1|y2) = p(y2|x1) p(x1)/p(y2) = (3/8)" (0.8)/(0.45) = 0.666
p(x2]y2) = p(yz2|%2) p(x2)/p(y2) = (3/4)" (0.2)/(0.45) = 0.333

We cannow calculatethe mutualinformationsfrom Equationg4.16) and(4.17).

s m(Xlyk) =+ (%) - + (X |y«

= - logp(xj) +logp(x; |yx) = Iogm:(j—)gk)

malys) = log POV 006.909/0.8) = 0.128 .
p(x1)

malys) = log PE2V) _ 1006 0000/0.2) = - 0.788 nu.
p(x2)

malys) = log P2 _ 006 666/0.8) = - 0.182 nu.
p(x1)

mxalys) = log 222 _ 1000 333/0.2) = 0.511 n.
p(x2)

Figure 4.5 Informationtransmissionn a noisy channel(cf. Figure4.3 for anoiselesshanne).
The probabilities5/8, 1/4, 3/8, 3/4 areconditionalprobabilities p(Y|X). The valuesfor p(y) are
calculatedrom p(X) andp(Y|X) in thetext
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Thedetailsof the calculationsaregivenin Box 4.1, andtheresultsaresummarizedelow.

, m(X1]y1) = 0.128 naturalunits(n.u.)
, m(X2]y1) = -0.788 n.u.

, m(X1]y2) = -0.182 n.u.

, m(X2]y2) = 0.511 n.u.

We noticea strangephenomenon, m(xz2|y1) and, m(X1|y2) havenegativevalues Thereceiverhas
obtainednegativeinformation his uncertaintyaboutthe transmittedsignalis greaterhavingreceiveda
signalthanit wasbeforethe signalwastransmitted This resultoccurswhenthe conditionalprobability
for x, for examplep(x2 |y1), is lessthanthe original probability for x, p(xz).

Theexampleof Figure4.5 canbeexpandedo includen > 2 possiblesignals

The mutual information , m(X;|y«), is interestingheuristically but our primary concernis the
averageinformationgain by thereceiver In the caseof the noiselesshannelwe dealtwith this matter
by taking the expectationE, of the logs of the transmissiormprobabilities(seefor example Freundand
Walpole[1980] or anystandardext on probability),

n

= - E[logpi] = - & pilogpi . (4.2)

i=1

We shallapproactthe noisychannein the sameway, mutatismutandis

Let usdefine
n

H(X) = E[+ (X)] =- & p(x)logp(x;) - (4.19)

=1

H(X), the sourceentropy (cf. Equation(4.9) abovg, is the averagea priori uncertaintyabout
occurrenceof x (beforeanyx; occurg. Recallingthe resultof Equation(4.8), we seethat H(X) will be
maximumwhenall p(x;) areequal

In a similar fashion we can define the conditional entropy H(X|y), for the setof transmittedx;
giventhereceivedsetyx:

HX]Y) = Exl+ (XIY)] =-a & p(x;, yi) logp(x; |y) - (4.20)
=1 k=1

Thatis, the logarithmsof the probabilitiesof x; givenyy areaveragedy meansof a weightedsum
of the joint probabilitiesof the occurrenceof x; and yx. H(X|y) is, then the averagea posteriori
uncertaintyaboutthe setof x; afterthe setyx hasbeenreceived It representshe informationlostin
transmissiorandis sometimeknownasthe equivocation

Againusingthe principle expressedy Equationg2.4), (4.12) and(4.16) we write

, (X]y) = H(X) - H(X]y) . (4.21)

, (X]y) is the averagemutual informatiory or the averageinformation about the ensembleof
transmittedsignals X, containedin the ensembleof receivedsignals Y; or the averagetransmitted
information It will bereferredto simply asthe transmittedinformation Expressingequation(4.21) in
words

transmittednformation = sourceentropy— equivocation
= sourceentropy— informationlossdueto errorsin transmission

Equation(4.21) is anexplicit form of Equation(4.12). Writtenin full,

n

. (Xly) = - & p(xj)logp(x) + &

=1 =1

P, Yi) logp(x; |yx) - (4.219)

Qo5

=~
1

1
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An alternativeformulationof this equationis (seeAppendiy

. (XIy) = - & p(x)logp(x) + & p(yi) & p(x; lyi)logp(x [yi) - (4.21b)
j=1 k=1 j=1

It canbeshownthat, (X|y) is alwaysequalto or greateithanzera® Whenthe channeis noiseless
p(x;, yx) = 0 for all j * k, so that from Equation(4.20), H(X|y) = O, and Equation(4.21) becomes
effectivelyidenticalto (4.1).

In the sameway we define

n n

HEXy) = - & & p(x, v logp(x;, i) (4.22)
j=1 k=1

whereH(X, y) is the joint entropyof the ensemblesAnalogouslywe candefinethe receiverentropy
H(y), andtheinformation, (Y|X). Variousinterestingrelationshipsamongthesevariablesemergefor
whichthereaderis referredto the standardextbookson communicatiortheory.

The derivation of Equation(4.21) was our primary aim in this section We shall now reorient
ourselvesaandexaminethe noisy channefrom the point of view of the psychologisbf the 1950's.

THE NOISY CHANNEL II:

Theinformationrequiredfor a categoricaljudgment The* confusioi matrix

It wasbutthreeyearsafterthe appearancef Shannohs seminalwork that GarnerandHake (1951)
publishedtheir well-known paperentitled2The Amount of Informationin Absolute Judgment§ We
shall derive Equation(4.21) again but now within the contextof a GarnerHake experimeninvolving
humanjudgments ratherthan by analysisof the transmissiorof signalsthrougha channel Actually,
thereis no salientdifferencebetweenthesetwo paradigmsbut it is instructiveto look at the same
problemin adifferentway.

Theideaof an experimentnvolving judgedcategoriecanbe illustratedwith the following simple
example Supposehat thereare threerods whoselengthsare 10 cm, 20 cm and 30 cm. A subjectis
shownthe 10 cm rod andtold thatit hasa lengthof 10 cm; he or sheis thenshownthe 20 cm rod and
told thatit hasa lengthof 20 cm, etc Thereafterthe experimentedrawsthe rodsfrom the tableand
showsthemto the subject who triesto identify therod as10-, 20- or 30-cm by visualexaminationThe
subjectis not permittedto measurdahe rods However the chancesare goodthat he or shewill never
makea mistake the 10-cm rod will alwaysbe identified as10 cm long, etc Let us call the actualrod
presentedo the subjectthe stimulus(the 10-cm rod will be stimulusl, the 20-cm rod, stimulus2, and
the 30-cm rod, stimulus 3), and let us call the subjects identification or reply, the response(the
identification this rod is rod 1 will be responsel, etc) Supposehe experimentcontinuesuntil 100
stimulusresponsehavebeenmade We canrepresenthestimuli by xj, j = 1,2, 3, andtheresponseby
Yk, kK =1,2,3. Thatis, x2 will represent trial wherethe subjectis presentedvith the 20-cm rod for
identification andys will representhe actof the subjectin identifying the 30-cm rod. The resultsof
suchan experimenwill probablylook muchlike thoseshownin Table4.1. In this examplethe 10-cm
rod stimuluswas given 33 times (x; = 33) and correctly identified 33 times (y1 = 33). It was never
incorrectlyidentified asthe 20-cm rod or the 30-cm rod. The 20-cm rod wasgiven 34 times etc. The
columnsandrowsareeachsummatedand of course the sumof sumsfor rowsandthe sumof sumsfor
columnsare eachequalto 100. In the stimulusresponsematrix depictedby the Table 4.1 only the
diagonalelementsarenon-zera

Supposehatthethreerodsarenow cutto 20 cm, 22 cm and24 cm, andthe experimentis repeated
The subjectis now going to make mistakesin identification A possiblestimulusresponsematrix is
shownin Table4.2. In this hypotheticalexperimenthe stimulusxs, the 20-cm rod, was presente3
timesin all, wascorrectlyidentified only 21 times wasidentified asy, on 7 occasionandasys on 5
occasions The stimulusresponseamatrix is no longer diagonal The nonzero off-diagonalelements
representmistakesin identification (cf. errorsin signal transmissioh It would seemclear that a
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Table 4.1 Threerodsof lengths10, 20 and30 cm

Respons€&€ategoriesyx
Stimuluscategoriesx; y1 =10cm y, =20cm y; =30cm Totals
X1 = 10cm 33 0 0 33
X2 =20cm 0 34 0 34
X3 =30cm 0 0 33 33
Totals 33 34 33 100

stimulusresponsematrix (sometimescalled a 2confusiof? matrix) is, in principle, the sameas a
transmissiorreceipt matrix for a standardcommunicationchannelsuch as a telephone in place of
astimulu® read?signaltransmitted andin placeof 2responséread?signalreceived®

Therearethreerestrictionsto thetype of categoryexperimentwvith which we shallbe dealing First,
we areconcernednly with thoseexperimentslealingwith stimuli of the 2intensity’ type suchasthe
intensityof light or of soundor the concentratiorof a solutionor the magnitudeof a force Thatis, we
shall not be concernedwith stimuli such as the length of rods althoughthey servedas a simple
introductionto the confusionmatrix. Secongwe areinterestedprimarily in the setof stimuli thatspan
the totality of the physiologicalrange from thresholdto maximumnon-painful stimulus for example
auditorystimuli will extendfrom thresholdto about10%° or 10! timesthreshold The upperlimit to the
rangeof stimuli is often hardto define Third, we are concernedorimarily with the resultsobtained
from 2traine® subjects that is, with subjectswho havehadas muchtime as desiredto practiceand
learn which stimulus correspondsto which category We speak more about the design of these
experimentafterwe discusgshe methodf analysis

Let us now generalizethe discussionof the stimulusresponsematrix. Exceptfor some minor
changesn nomenclaturewe follow the methodof GarnerandHake Althoughthe numberof stimulus
categoriemeednot, in principle be equalto the numberof responsecategorieswe take themto be
equa) justfor simplicity.

Let N be the total numberof trials, or the numberof times a stimuluswas presentedo a given
subjectin the courseof a singleexperiment ThenNjc is the numberof timesa stimulusin categoryj
was given and identified to be responsecategoryk. That is, Nzs is the numberof times stimulus
category3 wasgiven by the investigatorbut identified or judged(incorrectly) to be (responsgcategory
5. The Nj canbetabulatedasin Table4.3. The sumof all elementsn thek™ columnequalsN . That
is,

Njk =N k - (4.23)

Qoo

1

J

Table 4.2 Threerodsof lengths20, 22 and24 cm

Respons€ategoriesyx
Stimuluscategoriesx; y1 =20cm y, =22cm y; = 24cm Totals
X1 =20cm 21 7 5 33
X = 22cm 8 24 2 34
X3 = 24cm 5 9 19 33
Totals 34 40 26 100
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Similarly, thesumof all elementsn thej™ row equalsN; . Thatis,

n
aNk=N . (4.24)
k=1

Thetotal numberof stimuli givenis equalto thetotal numberof responsemade

n n
aN«=anN =N. (4.25)

k=1 j=1

We candefinethejoint probability p(x;, yx) by

p(Xj, Yk) = Njk/N . (4.26)

We canalsodefinethefollowing probabilities a posteriori usingN k, N; andN :
p(x;) = N; /N (4.27)
P(yk) = N«/N. (4.28)

Similarly, we candefinethe conditionalprobabilities

P(Xj [yk) = Nic/N i, (4.29)

whichis the conditionalprobability of stimulusx; givenresponse; and
P(YkIX)) = Ni/N; (4.30)

which is the conditional probability of responseyx given stimulusx;. Each of the equations(4.26),

(4.29) and (4.30) providesthe elementdor a new matrix, which areshownin Tables4.4a - 4.4c. We

observethatall of the elementdn the matricesshownin Tables4.3 and4.4 canbe evaluatedrom the

datacollectedin anexperimenbn categoricajudgmentgerformedn the mannerdescribedabove
Recallingagainthetwo definingequationgor conditionalprobability,

PO, Yi) = p(Xi [y)  p(Yx) (4.10)
POXj, Yi) = plyk[x) p(X) - (4.11)

The abovetwo equationsare verified by the a posteriori Equations(4.26) to (4.30). For example
usingEquationg4.28) and(4.29), we canevaluatetheright-handsideof Equation(4.10):

N; N;
pOsIy) Py = - I =

By Equation(4.26), theleft-handsideof (4.10) is givenby Njc/N, asrequired

Table 4.3 GeneralizedtimulusResponséatrix

Responseategories
Stimuluscategories y1 V2 Yk Yn Total
X1 N1z N Nk N1n N,
X2 N2: N NP N2n N>
X; Nii N Nix Njn N;
Xn an Nn2 Nnk Nnn Nn
Total Ni: N> N « N n N
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Table 4.4a Dividing Each Element of the StimulusResponseMatrix in Table 4.3 by N
[Equation(4.26)] Produces Matrix of JointProbabilities p(x;, y).

Responseategories
Stimuluscategories  y: Yk Yn
X1 P(X1, Y1) P(X1,Yk) P(X1, Yn)
X2 P(Xz2, Y1) P(X2,Yk) P(X2, Yn)
X; P(Xj, Y1) P(j, V) P(X}, Yn)
Xn P(Xn, Y1)  P(n, Yk)  P(Xn, Yn)

Table 4.4b Dividing Each Elementof the StimulusResponseMatrix in Table 4.3 by Ny
[Equation(4.29)] Produces Matrix of ConditionalProbabilities p(x; | y«)-

Responseategories
Stimuluscategories  y; Yk Yn
X1 p(Xaly1) P(aly) P(Xzlyn)
Xz p(Xaly1) P(Xz|yk) P(Xz|yn)
X; p(ilys)  p(xilyx)  P(Xilyn)
Xn P(Xaly1) P(XalYk) P(Xn|Yn)

Table 4.4c Dividing Each Elementof the StimulusResponseMatrix in Table 4.3 by N;.
[Equation(4.30)] Produces Matrix of ConditionalProbabilities p(yk | X;)-

Responseategories
Stimuluscategories  y; Yk Vn
X1 P(y1lX1) P(YilX1) P(Yn|X1)
X2 P(y1lX2) P(yilx2) P(Yn|X2)
X; p(yalx;)  PCYIx;)  P(YalX))
Xn P(Y1[xn)  P(YkIXn)  P(YnlXn)

We require now, onefinal definition. Let

P(Xj, yi) = p(%) P(Yi) - (4.31)

We caninterpretthe quantity P(x;, y«) asthe probability of occurrenceof two independengevents
Theseindependengeventsoccurwith probabilitiesp(x;) andp(yx). For example if a coin is tossedon
two occasionsthe outcomesof the two tossesare independentThe probability of headson the first
tossis % andthe probability of headson the secondtossis % Thereforethe probability of headson
both tossesequals 3~ + = <. However the outcomeyx is, in general not independentof the
outcomey;. Thatis, responsey is not, in general independenof the appliedstimulus x;. In fact, we
believethat the outcomeof stimuluseventsandresponsesventsare quite closelyrelated If x; andy
were independentor 2uncoupled for some observer P(x;, yx) would give the probability of
concurrenc®f thetwo outcomesHe or shewould, however bethe pooresipossibleobserversincehis
or herresponsesvould be totally unrelatedto the correspondingstimulus(see however the problem
for thereadernin Chapter5, Psychology Categoricaludgments

Now, we havedefinedthejoint entropyof this stimulusresponseystemby Equation(4.22)

n

HXy) =-a

=1

P, yi) logp(X;, Yk) - (4.22)

Qo5

=~
1

1
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Therefore we candefinethe maximumjoint entropyby

HX, Y)max = - & & P, y) logP(x;, i) - (4.23)

j=1 k=1

The maximumentropycorrespondso the most2disorderel systemwhich, in turn, correspondto
the systemin which input (stimulug and output (responsgaretotally uncorrelatedin sucha system
joint entropyis equalto H(X, Y)max- In sucha systenmno informationaboutthe stimulusis transmittedo
the subjectsincehe or shedoesnot associate givenresponsavith any particularstimulus

We can now presentan alternativeto Equations(4.12) and (4.21), which statedthat the average
informationaboutthe ensembleof transmittedsignalsor stimuli containedn the ensembleof received
signalsor responsess givenhby

, (X]y) = H(X) - H(X]y) (4.21)

= Hbefore' Hafter'

We now introduceasan equivalentmathematicastatement

, (X]y) = HOX, Y)max- HOX, Y) . (4.33)

The quantitieson the right-handside can be evaluatedusing Equation(4.22) and(4.32) which, in
turn, canbe evaluatedrom the measuredesults Equation(4.33) is, perhapsmore easily understood
intuitively than (4.21). When H(X, y) takeson its maximumvalue (transmittedand receivedsignals
independent the transmittedinformation , (X|y), equalszeroasrequired WhenH(X, y) takeson its
minimum valug , (X]y) is maximum But, (X]y) is maximumwhenno errorsin identificationare
made thatis whenthe matrix elementsNk = 0 for j * k. We canseefrom Table4.1 thatunderthese
conditions Equation(4.33) reducego

» (X]y) = H(X). (4.34)

With referencenow to Equation(4.21), we seethat, (X|y) is maximumwhenthe equivocation
H(X]y), is equalto zerg whenwe have

» (X]y) = H(X). (4.34)

So we obtain the same asymptoticresult from (4.21) and (4.33). Therefore on first glance
Equation(4.21) and (4.33) seemto exhibit similar properties The interestedreaderis referredto the
Appendixfor a detailedproof thattheseequationsareactuallyidentical

Equation(4.21) maybewrittenin words

Informationtransmitted= stimulusentropy— stimulusequivocation (4.35)
We maynow adda symmetricalequation

» (Y1X) = H(y) - H(Y|X) (4.36)
or, expresseth words

Informationtransmitted= receiverentropy— receiverequivocation (4.37)

SUMMARY

Amid the maelstromof equationdn this chaptey let us keepin mind thatwhatwe havedoneis, in
the final analysis very simple We have demonstratedn two ways (using the paradigmof a
transmissionline and of an experimenton categoricaljudgment$ that information transmittedfor a
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noisychannel, (X]y), maybecalculatedrom Equationg4.21) and(4.36):

» (Xly) = H(X) - X(X]y)
= H(y) - H(Y|X) bits persignalor bits perstimulus
Someof the probabilitiesusedto calculate, (X|y) may be known a priori, suchasthe p(x;), the
probability of transmissiorof a signalor of applicationof a stimulus Otherprobabilitiesmay only be
known a posteriori after an experimenthasbeenconductedWe shall run throughan exampleof the
calculationof , (X|y) in thenextchapter

The aboveequationshave beenderivedfrom two ostensiblydistinct but nonethelesgquivalent
startingpoints We beganwith

) (xly) = Hbefore' Hafter1 (4-12)
andalternativelywith
, (X]y) = HX, Y)max - H(X, y). (4.33)

Both viewpointsled to the sameconclusion
We note finally, thatwhenthe equivocationH(X|y), is equalto zerg we obtain

» (X]y) = H(X), (4.34)

whichis theinformationtransmittedor a noiseles€hannelasexpressetby Equation(4.1).

THE BOTTOM LINE

In orderto calculatethe averageanutualinformation , (X|y), onemay useeitherEquation(4.21a)
or (4.21b). Either of theseequationsmay be convenientlyutilized in a computerprogram suchasthe
onegivenin Chapterb.

APPENDIX THE EQUIVALENCE OF EQUATIONS (4.21) AND (4.33)
To demonstratéhat
. (X[y) = H(X) - H(X]y) (4.21)
and
. (X[y) = HCX, Y)max - H(X, y) (4.33)

areidentical
Beginningwith Equation(4.33), we expandtheright-handsideusingEquationg4.22) and(4.32):

P(Xj, yk) logP(x;, y«)

Qo>
Qo5

, (X]y) = -

il
N

P, Yi) logp(x;, Yi) - (A4.1)

+
Qoo
mozs AN

1
=
=~
11
=

The first double summationon the right-hand side can be simplified by introducing Equation
(4.31), thedefiningequatiorfor P(x;, yk):

- A & P, ) logP(x;, i) = - @ a p(x;) plyx) log[p(xj) p(yi)]
j=1 k=1 j=1 k=1
=- & & p()p(yx)logp(x) - & a p(x;)p(yx) logp(y)
=1 k=1 =1 k=1
= - & p(x;) logp(x;) a Pk - a p(x) a P(yx) logp(y«) -

I\
ik

k=1 =1 k=1
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n

Sinced L, p(xj) = 1 = & ¢y P(Y),

- & a P(x, v logP(x;, yi)
k=

=1 k=1

= - & p(x)logp(x)) - a p(yx) logp(yi)
=1 k=1
= H(X) + H(y) (A4.2)

by Equation(4.19) andits analog
Continuingwith the seconddoublesummatioron theright-handsideof Equation(A4.1),

n n
a & p(x;, yWlogp(x;, yi)
=1 k=1
= & a p(yWpx 1y« loglp(yi)p(x; ly«)]
=1 k=1
usingEquation(4.11),
= & & p(yWlogp(y) pxilyi) + & & P(yx) p(X; lyx) logp(x; |yi) (A4.3)
=1 k=1 =1 k=1
3 & 3 &
= a p(y)logp(yk) & p(xjlyx) +a a pyx) p(x; [y«) logp(x; [yk)
k=1 j=1 =1 k=1
= & p(yWlogp(y) + & & p(x;, yi) logp(xj [yi) (A4.4)
k=1 =1 k=1
(sinced [, p(x; lyw) = 1)
= - H(y) - H(X]y), (A4.5)
where
n
H(y) = - & p(y)logp(y) = receiverentropy (A4.6)
k=1
and
a &
H(Xly) = - a a p(x;, yk) logp(x;|yx) = sourceequivocation (4.20)
j=1 k=1

CombiningequationgA4.1), (A4.2) and(A4.5), we have

» (X]y) = H(X) + H(y) - H(y) - H(X]y)
» (Xly) = H(X) - H(X]y) . (A4.7)/(4.21)

We observethat Equation(A4.7) is identicalto Equation(4.21). This equationgivesthe average
mutualinformation or theaveragenformationaboutthe

ensemblaof transml'tteob?lgnals X.
stimuli
containedn the
ensemblef receivedsignals v,
responses

or theaveragetransmittednformation
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Therefore we have convertedthe right-hand side of Equation(4.33) into the right-hand side of
Equation(4.21), showingthatthe equationsareidentical

If we evaluatethe seconddoublesummationon the right-handside of Equation(A4.1) usingthe
conditionalprobability p(y«|X;), we canobtainin the sameway Equation(4.36). Finally we shouldnote
thatif we write

P, i) = P(Yi) P(Xi [y (4.11)

introducethis quantityinto Equation(4.20) andreversethe orderof summationwe have

n n

HX]Y) = - & p(yd & p(xi 1yi) logp(x; [yi) (A4.8)

k=1 j=1

whichis analternativeformulationof H(X|y). This equationwasusedto deriveEquation(4.21Db).

NOTES

1. Therearevery few @It canbe shownthaP 'sin this book I, personally regardthatphrasewith a
degreeof suspicion | suspectheauthorreally carit proveit, andthisis his way of gettingoff the hook
But whatreally elevatessuspicionto the point of certaintyis whenthe authorwrites°It caneasilybe
shownthat® How manyhoursl havewhiled awayjust to provethingsthat one authoror anotherhad
found so obviousthatit wasnot worth demonstratingWould it havetakenmethatlong if it could be
aeasilyshowrt? Certainlynot! I'm suretheauthoris bluffing. All of themare It carit beme
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