
CHAPTER 7

THE INFORMATION OF EVENTS
WITH CONTINUOUSOUTCOMES

PROBABILITY DENSITY

We havestudiedin somedetail the entropyof eventswith N possiblediscreteoutcomes, whosea
priori probabilitiesare p1, p2, . . . ,pn:

H = - å
i=1

n

pi logpi .     (2.1)

Theentropyof a potentialwinnerof a lottery, whena singleselectionwill bemadefrom amongm
ticketswhichhavebeensold, is governedby thea priori probabilities,

pLisa = (Numberof ticketspurchasedby Lisa)/m ,

pHarry = (Numberof ticketspurchasedby Harry)/m ,. . .

The identifying featureof this type of problemis that therearea finite numberof outcomes(e.g.
Lisa wins, Harry wins, ...), andanassociateddiscreteprobability function, definedby thepurenumbers
pLisa, pHarry, ...

We can study the intensities(densities) of low levels of illumination by meansof suchdiscrete,
probabilityfunctions. For example, theprobabilitythatonephoton(light particle) will arriveat a rod (a
typeof light receptor) in somefixed intervalof time is p(x = 1). Theprobability that two will arrive is
p(x = 2), etc. Theboldfacecharacterx signifiesa randomvariable thatmaytakeon thevalues1, 2, ...
Equation(2.1) mightbewritten

H = - å
i

p(x = xi) logp(x = xi) .     (7.1)

Theprobabilityfunctiongoverningphotonarrival is thePoissonfunctionor distribution,

p(x = z) = e- l l z

z!
, z = 0, 1, 2, ...     (7.2)

which provides the probability that exactly z photonswill arrive in a given interval of time. The
parameter, l , is themeanor averagenumberof photons.

However, whenthe level of illumination becomesgreater, photonsarecontinuallybombardingthe
retina of the eye, and intensity changesbecome, effectively, continuous. It is no longer possibleto
measuretheeffectsof individual photons; we canno longerspeakmeaningfullyof theprobability that
exactlyxi = z photonswill arrive. Ratherwe introducea differentkind of functioncalleda probability
densityfunction, p(x), such that p(x)Dx is the probability that the intensity of light (measuredon a
continuousscale) lies betweenthe valuesx andx + Dx, for small Dx. Statisticiansdo not seemoverly
fondof suchdefinitionsandprefersomethinglike thefollowing:

Theprobabilitythata randomvariable, x, will takeona valuebetweena andb is givenby

òa

b
p(x)dx .     (7.3)
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7. TheInformationof Eventswith ContinuousOutcomes 73

Thedensityp(x) will havethedimensions[x- 1], so thatp(x)dx is a dimensionlessprobability. That
is, p(x)dx canbecomparedwith thequantityp(x = x):

p(x = x) « p(x)Dx .     (7.4)

We cancomparethe normalizationrequirementsfor the two typesof function. For the probability
function,

å
i

p(x = xi) = 1     (7.5)

andfor theprobabilitydensityfunction p(x) ³ 0,

ò- ¥

¥
p(x)dx = 1 .     (7.6)

THE DIFFERENTIAL ENTROPYOFA PROBABILITY DENSITY FUNCTION

Well – if we cancalculatetheentropyof a (discrete) probability functionusingEquation(2.1), can
wenot simplysubstituteinto Equation(7.1) replacingthep(x = x) by p(x)Dx? Let ustakethis approach
andsee.

Substitutingrelation(7.4) into Equation(7.1),

H = - å
i

p(xi)Dxlog(p(xi)Dx)

= - å
i

p(xi) logp(xi)Dx - å
i

p(xi)Dx logDx .     (7.7)

Then, sinceå i p(xi)Dx = 1, in thelimit asDx ® 0

H = - ò- ¥

¥
p(x) logp(x)dx - lim

Dx® 0
logDx .     (7.8)

However, the secondterm on the right-handsideapproachesnegativeinfinity asDx ® 0. That is,
for anyprobabilitydensityfunction, p(x), H will beinfinite.

Equation(7.8) seemsto be telling us that as the numberof rectanglesinto which a continuous
probabilitydensityfunctioncanbedivided is increasedprogressively(referFigure7.1), themeasureof
“uncertainty” becomeslargerwithout limit . Why doesthis phenomenonarise?

In orderto understandtheproblem, it is usefulto consideranexample. Supposethattheprobability
density function p(x) representsthe height of adult malesin somepopulation. Let x be measuredin
centimeters. Then p(x)Dx = p(175)(1) equalsthe probability that the height of a man selectedat
randomfrom thepopulationwill be found to bebetween175 and175 + 1 cm. We could fragmentthe
continuousprobabilitydensityfunction into a numberof narrowrectangles(say250) with Dx = 1 cm,
andcalculateH from Equation(7.1):

H1 = - å
i =1

250

p(x = xi) logp(x = xi) .     (7.9)

Two hundredandfifty centimetersis just a convenientupperlimit for height. ThenH1 equalsthe
value of the integral in Equation(7.8) minus log Dx, which is just equalto the value of the integral
since Dx = 1. We could, however, carry the processfurther and divide the continuousprobability
densityfunctioninto rectangleswith width Dx = 1 mm = 0.1 cm., andevaluateH as

H2 = - å
i =0

2500

p(x = xi) logp(x = xi) .     (7.10)

As before, we equateH2 to the valueof the integral in Equation(7.8) minus log Dx, andwe find
thatH2 is equalto thevalueof the integralminuslog 0.1 , which is a greaterentropythanbefore! We
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7. TheInformationof Eventswith ContinuousOutcomes 74

Figure 7.1 a & b Thesmoothcurvein Fig 7.1a is thegraphof theprobabilitydensityfunction
p(x). Theareaunderthecurveis normalizedto 1. Onecannot, usingthedensityfunctionalone,
obtain a proper measureof the information transmittedby making a measurementof the
quantity, x. Theprobabilityfunctionin Fig 7.1b wasobtainedby fragmentingthesmoothdensity
function into rectanglesof unit width. The probability function is also normalized to 1:
å x=0

13 p(x = x) = 1. Onecan, indeed, obtaina measureof the informationtransmittedby making
a measurementof thequantity, x, andusingequation(7.1). However, theamountof information
calculatedwill dependon the numberof rectanglesinto which the smoothdensityfunction is
divided.

appearto be more uncertainabout the height of the next male samplewho will be drawn from the
population. Thatis,

H2 > H1 .     (7.12)

Sotheprocesswould, apparently, continue. If Dx = 0.1 mm, H would increaseagain, andeventually
reachinfinity . The infinity arisesbecauseof the infinite numberof choiceswe shouldhaveasDx ® 0.
As such, we receivean infinite quantity of information when the entropywas reducedby making a
measurementof a man’s height. It is essentiallya questionof resolution. We assumedfirst thata height
of 176 cm is distinguishablefrom 175 cm; thenwe assumedthat175.1 cm is distinguishablefrom 175
cm; thenwe assumedthat 175.01 cm is distinguishablefrom 175 cm, etc. If no limit is placedon the
resolutionof heightspossible, theninfinite informationwill be transmittedby anyactualmeasurement
of height. This argumentcan, perhaps, bemademoreconcreteby useof a simplecomputerprogram.
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7. TheInformationof Eventswith ContinuousOutcomes 75

In the following program, written in BASIC, a normalprobability distributionwith zeromeanand
unit variancehas beentaken. That is, p(x) = N(x;0,1). This continuousprobability density is first
divided into rectanglesof width 1, then of width 0.5, 0.25, ... Entropy is measuredfrom the
corresponding(discrete) histograms as in Equations (7.9) and (7.10), and is then calculated
theoreticallyusingEquation(7.8). We shallseein Chapter8 that the integralin Equation(7.8) is equal
to 1

2 ln(2p) + 1
2 . It can be seenthat the measuredvalue of entropyagreeswell with the theoretical

value, andthat fragmentationinto rectanglesstill preservesthenormalizationof thedensity(area= 1).
Thevalueof entropyincreases, apparentlywithout limit , asthewidth of therectanglesdecreases.

10 ’ PROGRAMIN BASIC TO ILLUSTRATE THAT DIVIDING A CONTINUOUSPROBABILITY
DENSITY FUNCTION INTO A PROGRESSIVELYGREATERNUMBEROF RECTANGLESRESULTS IN
A DISCRETE ENTROPY( H = - SUM P LOG P) THAT INCREASES WITHOUTLIMIT .

20 PRINT “ ENTROPY” , “ ENTROPY” , “ WIDTH OF” , “ AREA”
30 PRINT “ ( MEASURED) ” , “ ( THEORETICAL) ” , “ RECTANGLE”
40 ’
50 DEL = 1: ’ WIDTH OF RECTANGLESBEGINS AT 1.
60 ’
70 ’ SELECT A GAUSSIAN FUNCTION WITH UNIT VARIANCE
80 DEF FNA( X) = ( 1 / SQR( 2 * 3. 1416) ) * EXP( - X * X / 2)
90 ’
100 ’ CALCULATETHE AREA UNDERTHE GAUSSIAN FUNCTION AND THE VALUE OF ENTROPY, H.
110 ’
115 WHILE 1
120 H = 0: AREA = 0
130 FOR X = - 10 TO 10 STEP DEL
140 AREA = AREA + FNA( X) * DEL
150 H = H - DEL * FNA( X) * LOG( DEL * FNA( X) )
160 NEXT X
170’
180 ’ THEORETICALLY, H EXCEEDSTHE VALUE OF THE DIFFERENTIAL ENTROPY,

( 0. 5 * LOG( 2 * Pi ) + 0. 5) , BY THE NEGATIVE LOG OF THE WIDTH OF THE RECTANGLE.
190 HTHEOR= 0. 5 * LOG( 2 * 3. 1416) + 0. 5 - LOG( DEL)
200 PRINT H, HTHEOR, DEL, AREA
210’
220 ’ DECREASETHE WIDTH OF THE RECTANGLESBY A FACTOROF 2 AND REPEAT. . .
230 DEL = DEL / 2
240 WEND

RUN

ENTROPY ENTROPY WIDTH OF AREA
( MEASURED) ( THEORETICAL) RECTANGLE
1. 418938 1. 41894 1 0. 9999989
2. 112085 2. 112087 0. 5 0. 9999988
2. 805231 2. 805234 0. 25 0. 9999988
3. 498378 3. 498381 0. 125 0. 9999989
4. 191524 4. 191528 0. 0625 0. 9999988
4. 88467 4. 884676 0. 03125 0. 9999989
5. 577818 5. 577823 0. 015625 0. 9999982
6. 270962 6. 27097 0. 0078125 0. 9999981
. . . . .
. . . . .

From a practicalpoint of view, the aboveargumentof decreasingthe valueof Dx without limit is
ludicrous. Thereis a limit to the precisionwith which the heightof a personcanbe measured. Small
changesin posture, fluctuations in intervertebralspacing, etc. producesuch a limit . Probably the
precisionof themeasurementis not assmallas0.1 mm. Therefore, thereis little point to measuringH
with Dx < 0.1 mm, and, therefore, we do not obtain an infinite quantity of information from a
measurementof height.

Thereis nothinguniqueaboutour exampleof measuringheights. Everymeasurementof a quantity
that is continuouslydistributedis limited in precisioneitherby the natureof the measuringapparatus,
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7. TheInformationof Eventswith ContinuousOutcomes 76

or by thepropertiesof themeasuredquantityitself. Therefore, neitherH nor theamountof information
receivedfrom themeasurementwill beinfinite. Let ushaveanotherlook at Equation(7.8).

The integral - ò- ¥

¥ p(x) logp(x)dx that appearsin Equation(7.8) is known asa differential entropy
(McEliece, 1977). You maybe thinking, asI did whenI first encounteredthedifferential entropy, that
it is a naturalextensionof Equation(7.1) into the continuousdomain, andwould be a naturalway of
expressingthe uncertaintyassociatedwith a probability density function. Life, however, is not this
simple. The differential entropy, aswe haveseen, is only oneof two expressionsthat evolvefrom the
H-function for discreterandomvariableswhen p(x = x) is replacedby p(x)dx. Therefore, numerical
values of the differential entropy are not, in themselves, a reflection of our earlier notions of
uncertainty. The differential entropy may even turn out to have a negativevalue. Moreover, the
differential entropyis not “coordinate-free” ; its valuewill dependon theunits in which x is measured.
For example, if p(x) is, again, theprobabilitydensityfunctionfor heightsof people, x maybemeasured
in centimeterssothat

Hcentimeter = - ò- ¥

¥
p(x) logp(x)dx .     (7.12)

Suppose, however, that valuesof the randomvariablearemeasuredin meters, andlet g(y) be the
newprobabilitydensityfunction for heights. Then, usingthe theoremfor changeof variable(refer, for
example, FreundandWalpole, 1980),

g(y) = p(x) dx
dy

.     (7.13)

But x = 100 y (thatis, 1 meter= 100 centimeters), sothat dx
dy = 100. Hence

g(y) = 100 p(x) .

Then(leavingout thelimits of integration)

Hmeter = - òg(y) logg(y)dy = - ò100 p(x) log(100p(x)) dx
100

= - òp(x) logp(x)dx - òp(x) log(100)dx

Hmeter = Hcentimeter- log100 ,     (7.14)

(Shannonand Weaver, 1964, page 91). That is, the differential entropy is neither a measureof
uncertaintyin keepingwith our previousnotionsof uncertainty, nor is it evenindependentof theunits
of measurementof valuesof therandomvariable. This exampleis illustratedin Figure7.2.

THE ABSOLUTEENTROPY

We havebeendealingwith a probability densityfunction, p(x). Supposewe now considersome
otherprobabilitydensityfunction, q(x), definedon x. Treatingq(x) in exactlythesamemannerasp(x),
weobtainfor its entropyusingEquation(7.8),

HU = - òq(x) logq(x)dx - lim
Dx® 0

logDx .     (7.15)

SubtractingHUfrom H,

H - HU = - òp(x) logp(x)dx - - òq(x) logq(x)dx     (7.16)

sincethe two Dx-termscancel. H - HU, thedifferencebetweentwo differential entropies, is known
asthe absoluteentropy. In contrastto the differential entropy, the absoluteentropyis coordinatefree.
That is, Habs = H - HUwill havethe samevalueregardlessof the units in which valuesof the random
variable are measured. This may be illustrated from the centimeter-meter exampleof the previous
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Figure 7.2 a & b We supposethattheprobabilitydensityfunctionfor heightsof adultmalesin
some(strange) populationis governedby the uniform distribution: p(x) = 0.02, 75 £ x £ 125,
where x is measured in centimeters. We note that p(x) is normalized so that
ò- ¥

¥ p(x)dx = (0.02)(50) = 1.0. Anotherdensityfunction governingthe samerandomprocessis
the uniform distributiong(y), definedby g(y) = 2.0, 0.75 £ y £ 1.25, wherey is measuredin
meters. Again, notethatg(y) is normalizedsothatò- ¥

¥ g(y)dy = (2.0)(0.50) = 1.0 .
The differential entropy of p(x) can be evaluated explicitly:
Hcentimeter = - (0.02 log0.02)(125 - 75) = - log0.02 = log50. The differential entropyof g(y)
can also be evaluatedexplicitly: Hmeter = - (2.0 log2.0)(1.25 - 0.75) = - log2.0 = log0.5.
That is, Hmeter = Hcentimeter- log100, as given by Equation(7.14). The above illustrates that
differentialentropyis not independentof theunitsin which therandomvariableis measured.

section. Whenmeasuringin unitsof centimeters,

H
centimeter
abs = - òp(x) logp(x)dx + òq(x) logq(x)dx .

Whenmeasuringin unitsof meters,

H
meter
abs = - òp(x) logp(x)dx - log100 - òq(x) logq(x)dx - log100

= H
centimeter
abs .

Fora moregeneralproof refer, for example, to thetext by S. Goldman(1953).
So theabsoluteentropyis coordinatefree; but what, if anything, hasit to do with the transmission

of information? We recall that for a noisy channelit was necessaryto representthe information
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transmittedpersymbolasthedifferencebetweentwo H-functions:

, = Hbefore - Hafter .     (4.12)

That is, informationwasobtainedasthedifferencebetweentheuncertaintythatexistedbeforethe
measurementwasmadeandthe uncertaintythat remainedafter the measurementhadbeenmade. The
noisein thechannellimited theaccuracywith which it waspossibleto transmita symbol. We now call
uponthis ideaagainin theattemptto adapttheabsoluteentropyfor themeasurementof information.

We recall from theexampleof measuringheightsthat themeasurementwaslimited in its precision
by variousanatomicalfactorssuchas fluctuating intervertebralspacings. Thesefactors limiting the
precisionof a measurementplay the part of a noisethat limits the amountof informationtransmitted.
Theprobabilitydensityfunctionfor heightmay, therefore, beregardedasa densityfunctionfor “pure”
heightcompoundedwith “noise” (read, perhaps, as, “puresignal” with noise). In Equation(7.16) for
absoluteentropy, then, let usregardp(x) as pSN(x) (that is, psignal-noise(x)), and- òpSN(x) logpSN(x)dx as
thedifferentialentropyof signaltogetherwith noise.

Whatrole, then, is playedby thedifferentialentropy

- òq(x) logq(x)dx?

A reasonablesuggestionis that q(x) be the density function for noise alone, which we might
representby pN(x). Then, by conjecture, theabsoluteentropyis equalto the information“content” of a
measurement, by which we meanthe informationreceivedby the measurerwhenthe measurementis
made. Thatis,

, = Habs = - òpSN(x) logpSN(x)dx + òpN(x) logpN(x)dx .     (7.17)

It is apparentthatEquation(7.17) possessesat leastonenecessaryasymptoticproperty. That is, as
pSN ® pN (pure signal vanishes), , = Habs ® 0, meaningthat no information is received, which
makessense, becauseunderthesecircumstancesthereis no discerniblesignal. Furtherinvestigationof
Equation(7.17) asa measureof informationwill haveto awaita discussionof themeansof evaluating
pSN.

We might speculatethat what hasbeendoneby the subtractionprocessin Equation(7.17) is to
converta continuousprobabilitydensityfunction, pSN , whichmightberepresentedby Figure7.1a (and
from which we obtain, ostensibly, an infinite quantity of information) into a histogramof the type
shownin Figure7.1b, from which we can obtain a propermeasureof information. The effect of the
subtractionprocessin Equation(7.17) is to “discretize” the continuousdensityfunction. The width of
the barsin the histogramare determinedby the noiselevel, or the limitation to our measurementof
valuesof x. If we representEquation(7.17) as

, = HSN - HN     (7.18)

wemight compareit to theexplicit form of theinformationequationfor a discrete, noisychannel:

, (X|Y) = H(X) - H(X|Y) .     (4.21)

Although the comparisonis not perfect, the equivocation, H(X|Y), seemsto play the part of the
differentialentropyof noise.

CONVOLUTION

It wasstatedabovethatpSN(x) is theprobabilitydensityfunction for puresignalcompoundedwith
noise, without suggestinga procedurefor obtainingit. Themethodusedis oneof convolution. Suppose
that pS(x) andpN(x) aredensityfunctionsfor signalandnoiserespectively. We recall that pSN(x)Dx is
the probability of finding a value of signal-plus-noisewhosetotal lies betweenthe valuesof x and
x + Dx. Thus, for example, pSN(10)Dx is the probability that xS + xN = 10 very nearly. There are,
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however, infinitely manywaysby whichxS + xN = 10:

xS = 14, xN = - 4, xS + xN = 10

xS = 13, xN = - 3, xS + xN = 10

.... ... ...

xS = 10, xN = 0, xS + xN = 10

.... ... ...

xS = - 5, xN = 15, xS + xN = 10

.... ... ...

Thus, if we let x = xS + xN andxU = xN, thenxS = x - xU. Therefore,

xS + xN xS xN

¯ ¯ ¯

pSN(x)Dx = å
xU=- ¥

¥

pS(x - xU)Dx � pN(xU)DxU. (7.19)

TheprobabilitiespS(x - xU)Dx andpN(xU)DxUaremultiplied to give theprobabilityof concurrenceof
the two independentevents, andthe productsareaddedto give the total probability of thesemutually
exclusiveevents. TakingEquation(7.19) to thelimit asDxU ® 0,

pSN(x) = ò- ¥

¥
pS(x - xU)pN(xU)dxU.     (7.20)

Equations(7.19) and (7.20) could equally well havebeenwritten with the argumentsof the two
functionsinterchanged. The integral in Equation(7.20) is known asa convolutionintegral, and it its
foundin manybranchesof mathematics.1

UsingEquation(7.20), we can, in principle, obtainpSN explicitly, by convolvingthe two functions
pS andpN. Theintegrationcanoftenbecarriedout analytically.

We can now, in principle, evaluate, , the information containedin a measurementmadeof a
variablethat is distributedcontinuously, from knowledgeof the two probability densityfunctions, pS

andpN:

(a) UsingEquation(7.20) weobtainpSN(x).
(b) UsingEquation(7.17) / (7.18) weobtain, .

APPLICATIONSIN PERCEPTUALSTUDIES

Thereare very, very few investigatorswho have found it desirableto use the information from
ªcontinuouslydistributedº probability density functions(sometimesreferredto as ªinformation from
analogchannelsº) in studiesof perception. Suchanalog-informationwill , however, be requiredalmost
exclusivelyin thesensorystudiesthat follow in this book. It is well to rememberthatwhile differential
entropy is not a proper measureof information, any differencebetweentwo differential entropies
evaluatedfor thesamerandomvariable, x, is indeeda correctmeasureof information. Thedifferential
entropythat is subtractedneednot alwaysrepresenttheobfuscationof a ªnoise.º For example, consider
two absoluteentropies

Habs1 = Hdiff1 - Hnoise     (7.21)

Habs2 = Hdiff2 - Hnoise .     (7.22)
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Then

Habs1 - Habs2 = Habs = Hdiff1 - Hdiff2 .     (7.23)

Habs is foundasthedifferencebetweentwo differentialentropies, neitherof which representsnoise.
We shall have occasionto obtain an absoluteentropy as the difference betweentwo differential
entropies, thesecondof whichwill belabeledªreferenceº:

Habs = Hdiff - Hreference.     (7.24)

Hreferencemay or may not be a noisein the usualsense, but it will , nonetheless, limit the precision
with whicha sensorymeasurementcanbemade. (Pleasereferalsoto Chapter16.)

Habs becomesa little moretangiblewhenit is evaluatedfor specificprobability densityfunctions.
Theobjectof thenext chapterwill be to evaluateHabs whenthedifferential entropiesfrom which it is
obtainedissuefrom thenormalor Gaussiandistribution.

NOTES

1. ªConvolutionº (Latin, con: together+ volvere: to roll). Perhapsbetteris ªfolded back.º As the
dummyvariablexUincreases, theargumentof pSN(xU) increases, while thatof pS(x - xU) decreases.
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