CHAPTER 7

THE INFORMATION OF EVENTS
WITH CONTINUOUSOUTCOMES

PROBABILITY DENSITY

We havestudiedin somedetail the entropyof eventswith N possiblediscreteoutcomeswhosea
priori probabilitiesare p1, p2, ..., pPn:
n
H=- é pi logpi . (2.1

=1

The entropyof a potentialwinner of a lottery, whena singleselectionwill be madefrom amongm
ticketswhich havebeensold, is governedoy thea priori probabilities

PLisa = (Numberof ticketspurchasedby Lisa)/m,

Prary = (NUmberof ticketspurchasedby Harry)/m, ...

The identifying featureof this type of problemis thatthereare a finite numberof outcomege.g.
Lisawins, Harrywins, ...), andanassociatedliscreteprobability function definedby the purenumbers
PLisar pHarryv

We can study the intensities(densitie¥ of low levels of illumination by meansof suchdiscrete
probabilityfunctions For example the probability thatonephoton(light particle will arriveatarod (a
type of light receptoy in somefixed interval of time is p(x = 1). The probability thattwo will arriveis
p(x = 2), etc Theboldfacecharacteix signifiesa randomvariable thatmaytakeon thevaluesl, 2, ...
Equation(2.1) might bewritten

H=- é p(X = X)) logp(x = X;) . (7.1)

The probabilityfunctiongoverningphotonarrival is the Poissorfunction or distribution

px=2=€15  z=012.. (72)
which providesthe probability that exactly z photonswill arrive in a given interval of time. The
parameterl , is themeanor averagenumberof photons

However whenthe level of illumination becomegyreater photonsare continuallybombardingthe
retina of the eye and intensity changesbecome effectively, continuous It is no longer possibleto
measurdhe effectsof individual photons we canno longerspeakmeaningfullyof the probability that
exactlyx; = z photonswill arrive. Ratherwe introducea differentkind of function calleda probability
densityfunction p(x), suchthat p(x)Dx is the probability that the intensity of light (measuredn a
continuousscalg lies betweenthe valuesx and x + Dx, for small Dx. Statisticiansdo not seemoverly
fond of suchdefinitionsandprefersomethindike thefollowing:

Theprobabilitythatarandomvariable x, will takeon avaluebetweera andb is givenby

(‘i p(X) dX. (7.3)
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7. Thelnformationof Eventswith ContinuousOutcomes 73

The densityp(x) will havethe dimensiongx 1], sothat p(x)dx is a dimensionlesprobability. That
IS, p(xX)dx canbe comparedvith the quantityp(x = x):

p(x =) « p(x)Dx. (7.4)

We cancomparethe normalizationrequirementgor the two typesof function For the probability
function,

a px =x) =1 (7.5)

andfor the probability densityfunction p(x) 3 O,

0, PXdx=1. (7.6)

THE DIFFERENTIAL ENTROPYOFA PROBABILITY DENSITY FUNCTION

Well — if we cancalculatethe entropyof a (discret@ probability function using Equation(2.1), can
we not simply substitutanto Equation(7.1) replacingthep(x = x) by p(x)Dx? Let ustakethis approach
andsee

Substitutingrelation(7.4) into Equation(7.1),

H = - @ p(x) Dxlog(p(x) D¥)

= - & p(x;)logp(x)) Dx- (é p(xi)Dx) logDx. (7.7)

Then sinced , p(x)Dx = 1, in thelimit asDx ® 0
\¥ .
H=- 0, p(x) logp(x) dx - DI>|(r®nO logDx . (7.8)

However the secondierm on the right-handside approachesegativeinfinity asDx ® 0. Thatis,
for any probability densityfunction p(x), H will beinfinite.

Equation(7.8) seemsto be telling us that as the numberof rectanglesnto which a continuous
probability densityfunction canbe dividedis increasedrogressivelyrefer Figure7.1), the measureof
“uncertainty becomegargerwithoutlimit. Why doesthis phenomenoiarise?

In orderto understandhe problem it is usefulto consideran example Supposehatthe probability
densityfunction p(x) representghe height of adult malesin somepopulation Let x be measuredn
centimeters Then p(x) Dx = p(175)(1) equalsthe probability that the height of a man selectedat
randomfrom the populationwill be foundto be betweenl75 and175 + 1 cm. We could fragmentthe
continuousprobability densityfunction into a numberof narrowrectanglegsay 250) with Dx = 1 cm,
andcalculateH from Equation(7.1):

250
Hi=- é_ p(x = xi)logp(x = Xi) . (7.9

i=1

Two hundredandfifty centimeterds just a convenientupperlimit for height ThenH; equalsthe
value of the integralin Equation(7.8) minuslog Dx, which is just equalto the value of the integral
since Dx = 1. We could however carry the processfurther and divide the continuousprobability
densityfunctioninto rectanglesvith width Dx = 1 mm= 0.1 cm., andevaluateH as

ZgOO
Hzx =- a p(x = x)logp(x = x;) . (7.10)
i=0
As before we equateH; to the value of the integralin Equation(7.8) minuslog Dx, andwe find
thatH is equalto the value of the integralminuslog 0.1 , which is a greaterentropythanbeforé We
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Figure 7.1 a& b Thesmoothcurvein Fig 7.1ais the graphof the probability densityfunction
p(x). The areaunderthe curveis normalizedto 1. One cannof usingthe densityfunction alone
obtain a proper measureof the information transmittedby making a measuremenbf the
quantity, x. The probability functionin Fig 7.1b wasobtainedby fragmentingthe smoothdensity
function into rectanglesof unit width. The probability function is also normalizedto 1:
a iio p(x = X) = 1. Onecan indeed obtaina measuref the informationtransmittedoy making

ameasuremertf the quantity, x, andusingequation(7.1). However the amountof information
calculatedwill dependon the numberof rectanglesnto which the smoothdensityfunction is
divided

appearto be more uncertainaboutthe height of the next male samplewho will be drawn from the
population Thatis,

Hy > Hj . (7.12)

Sotheprocessvould, apparentlycontinue If Dx = 0.1 mm, H would increaseagain andeventually
reachinfinity. Theinfinity arisesbecausef the infinite numberof choiceswe shouldhaveasDx ® 0.
As such we receivean infinite quantity of information when the entropy was reducedby making a
measuremertf a maris height It is essentiallya questionof resolution We assumedirst thata height
of 176 cm is distinguishabldrom 175 cm; thenwe assumedhat 175.1 cm is distinguishabldrom 175
cm; thenwe assumedhat 175.01 cm is distinguishabldrom 175 cm, etc If no limit is placedon the
resolutionof heightspossible theninfinite informationwill be transmittedoy any actualmeasurement
of height Thisargumentan perhapsbe mademoreconcretedy useof a simplecomputemprogram
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In the following program written in BASIC, a normalprobability distributionwith zeromeanand
unit variancehas beentaken That is, p(x) = N(x;0,1). This continuousprobability density s first
divided into rectanglesof width 1, then of width 0.5, 0.25, ... Entropy is measuredfrom the
corresponding(discret¢ histogramsas in Equations (7.9) and (7.10), and is then calculated
theoreticallyusingEquation(7.8). We shallseein Chapter8 thatthe integralin Equation(7.8) is equal
to % In(2p) + % It can be seenthat the measuredsalue of entropyagreeswell with the theoretical
valug andthatfragmentatiorinto rectanglesstill preserveshe normalizationof the density(area= 1).
Thevalueof entropyincreasesapparentlywithoutlimit, asthewidth of therectangleslecreases

10 © PROGRAMN BASIC TO ILLUSTRATE THAT DIVIDING A CONTINUOUSPROBABILITY
DENSITY FUNCTION INTO A PROGRESSIVELYGREATERNUMBEROF RECTANGLESRESULTSIN
A DISCRETE ENTROPY(H = -SUMP LOG P) THAT INCREASES WITHOUTLIMIT .

20 PRINT “ ENTROPY, “ ENTROPY, “ WIDTH OF, “ AREA

30 PRINT “(MEASURED, “(THEORETICAL”, “ RECTANGLE
40 '

50 DEL = 1:’ WIDTH OF RECTANGLESBEGINS AT 1.

60 '

70 ' SELECT A GAUSSIAN FUNCTION WITH UNIT VARIANCE
80 DEF FNA'X) = (1 / SQR2 * 3.1416)) * EXR-X * X / 2)

90

100 ' CALCULATETHE AREA UNDERTHE GAUSSIAN FUNCTION AND THE VALUE OF ENTROPY H.
110 °

115 WHILE 1

120 H = 0: AREA= 0
130 FORX = -10 TO 10 STEP DEL
140 AREA = AREA + FNAX) * DEL
150 H= H - DEL * FNA'X) * LOGDEL * FNAX))
160 NEXT X
170’
180 ' THEORETICALLY H EXCEEDSTHE VALUE OF THE DIFFERENTIAL ENTROPY
(0.5 * LOG2 * Pi) + 0.5), BY THE NEGATIVE LOG OF THE WIDTH OF THE RECTANGLE
190 HTHEOR= 0.5 * LOG2 * 3.1416) + 0.5 - LOQ DEL)
200 PRINT H, HTHEOR DEL, AREA
210’
220 ' DECREASETHE WIDTH OF THE RECTANGLESBY A FACTOROF 2 AND REPEAT. .
230 DEL = DEL / 2
240 WEND

RUN

ENTROPY ENTROPY WIDTH OF  AREA
(MEASURED (THEORETICA) RECTANGLE

1.418938 1.41894 1 0. 9999989
2.112085 2.112087 0.5 0. 9999988
2.805231 2.805234 0.25 0. 9999988
3. 498378 3.498381 0.125 0. 9999989
4.191524 4.191528 0. 0625 0. 9999988
4.88467 4.884676 0. 03125 0. 9999989
5.577818 5.577823 0. 015625 0. 9999982
6. 270962 6.27097 0. 0078125 0. 9999981

From a practicalpoint of view, the aboveargumentof decreasinghe value of Dx without limit is
ludicrous Thereis a limit to the precisionwith which the heightof a personcanbe measuredSmall
changesin posture fluctuationsin intervertebralspacing etc. producesuch a limit. Probably the
precisionof the measuremens notassmallas0.1 mm. Therefore thereis little pointto measuringH
with Dx < 0.1 mm, and therefore we do not obtain an infinite quantity of information from a
measuremerdf height

Thereis nothinguniqueaboutour exampleof measuringheights Every measuremenaf a quantity
thatis continuouslydistributedis limited in precisioneitherby the natureof the measuringapparatus
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7. Thelnformationof Eventswith ContinuousOutcomes 76

or by the propertiesof the measuredjuantityitself. Therefore neitherH nor the amountof information
receivedirom themeasuremenmll beinfinite. Let ushaveanotherdook at Equation(7.8).
The integral - O p(x) logp(x) dx that appearsn Equation(7.8) is known as a differential entropy

(McEliece 1977). You may be thinking, asl did whenl first encounteredhe differential entropy that

it is a naturalextensionof Equation(7.1) into the continuousdomain andwould be a naturalway of

expressingthe uncertaintyassociatedvith a probability density function Life, however is not this

simple The differential entropy aswe haveseen is only oneof two expressionshatevolvefrom the

H-function for discreterandomvariableswhen p(x = x) is replacedby p(x)dx. Therefore numerical
values of the differential entropy are not, in themselves a reflection of our earlier notions of

uncertainty The differential entropy may even turn out to have a negativevalue Moreover the

differential entropyis not “coordinatefre€’; its valuewill dependon the unitsin which x is measured
Forexampleif p(x) is, again the probability densityfunctionfor heightsof people x maybemeasured
in centimetersothat

R
Hcentimeter: - Q¥ p(X)IOQ p(x) dx. (7-12)
Supposehowever that valuesof the randomvariableare measuredn meters andlet g(y) be the

new probability densityfunction for heights Then usingthe theoremfor changeof variable(refer, for
example FreundandWalpole 1980),

o) = p0o| 8| (713)

Butx = 100y (thatis, 1 meter= =100. Hence

g(y) = 100p(x) .

Then(leavingoutthelimits of integratior)

Huneter = - (8(%) logg(y) dy = - 00 p(x)10g(100p(x)) 55

= - () logp(x) dx- (p(x) log(100) dx
Hmeter = Hcentimeter' |Og 100 ) (714)

(Shannonand Weaver 1964, page 91). That is, the differential entropy is neither a measureof
uncertaintyin keepingwith our previousnotionsof uncertainty nor is it evenindependenof the units
of measuremertf valuesof therandomvariable This exampleis illustratedin Figure7.2.

THE ABSOLUTEENTROPY

We havebeendealingwith a probability densityfunction, p(x). Supposewe now considersome
otherprobability densityfunction, g(x), definedon x. Treatingq(x) in exactlythe samemannerasp(x),
we obtainfor its entropyusingEquation(7.8),

= - (X logg(x) dx - E!)i(r@yo logDx . (7.15)
SubtractingHVfrom H,
H- HY= - fp(x)logp(x) dx- (- Gp(x)loga(x) dx) (7.16)
sincethe two Dx-termscancel H - HY the differencebetweentwo differential entropiesis known

asthe absoluteentropy In contrastto the differential entropy the absoluteentropyis coordinatefree
Thatis, H,,s = H - HYwill havethe samevalueregardles®f the unitsin which valuesof the random

variable are measured This may be illustrated from the centimetermeter exampleof the previous
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Figure 7.2a& b We supposehatthe probability densityfunctionfor heightsof adultmalesin
some(strangé populationis governedby the uniform distribution p(x) = 0.02, 75 £ x £ 125,
where x is measured in centimeters We note that p(x) is normalized so that
c‘;; p(x)dx = (0.02)(50) = 1.0. Anotherdensityfunction governingthe samerandomprocesss
the uniform distribution g(y), definedby g(y) = 2.0, 0.75 £ y £ 1.25, wherey is measuredn
meters Again, notethatg(y) is normalizedsothat(‘f¥ g(y)dy = (2.0)(0.50) = 1.0.

The differential entropy  of p(x) can be evaluated  explicitly:
H centimeter = - (0.02 10g0.02)(125 - 75) = - log0.02 = log50. The differential entropy of g(y)
can also be evaluatedexplicitly: H, oo = - (2.0 l0g2.0)(1.25- 0.75) = - log2.0 = log0.5.
That is, Heter = Heentimeter- 109100, as given by Equation(7.14). The aboveillustratesthat
differentialentropyis notindependenof the unitsin which therandomvariableis measured

section Whenmeasuringn unitsof centimeters

Has = - QP(X)logp(xX) dx + ca(x) logg(x) dx.

centimeter

Whenmeasuringn unitsof meters

Has = [- (p(¥)logp(x)dx- log100] - [ ¢a(x)loga(x)dx- log100 |

meter

= Habs

centimeter

Foramoregenerabproofrefer, for examplegto thetextby S. Goldman(1953).
Sothe absoluteentropyis coordinatefree but what if anything hasit to do with the transmission
of informatior? We recall that for a noisy channelit was necessaryto representthe information

Information SensatiorandPerceptionO KennethH. Norwich, 2003.
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transmittedper symbolasthe differencebetweerntwo H-functions

= Hbefore' Hafter' (412)

Thatis, informationwasobtainedasthe differencebetweenthe uncertaintythat existedbeforethe
measuremenias madeandthe uncertaintythat remainedafter the measuremertadbeenmade The
noisein the channelimited the accuracywith which it waspossibleto transmita symbol We now call
uponthisideaagainin the attemptto adaptthe absoluteentropyfor the measuremerdf information

We recallfrom the exampleof measurindheightsthatthe measuremenwaslimited in its precision
by various anatomicalfactors such as fluctuating intervertebralspacings Thesefactors limiting the
precisionof a measuremenplay the part of a noisethatlimits the amountof informationtransmitted
The probability densityfunctionfor heightmay, therefore be regardedasa densityfunctionfor “puré’
heightcompoundedvith “nois€ (read perhapsas “puresignal with noisg. In Equation(7.16) for
absoluteentropy then let usregardp(x) as psn(X) (thatis, PsignainoisdX)), and- aPsn(X) logpsn(x) dx as
thedifferentialentropyof signaltogethemith noise

Whatrole, then is playedby the differentialentropy

- (P(X) logq(x) dx?

A reasonablesuggestionis that g(x) be the density function for noise alone which we might
represenby pn(X). Then by conjecturethe absoluteentropyis equalto the information*”content of a
measuremenby which we meanthe informationreceivedby the measuremwhenthe measuremernis
made Thatis,

, = Haps = - OPsnX) logpsn(X) dx + (pn(X) logpn(x) dX. (7.17)

It is apparenthat Equation(7.17) possesseat leastone necessargsymptoticproperty Thatis, as
psn ® pn (pure signal vanishey, , = H,,, ® 0, meaningthat no information is received which
makessensebecausainderthesecircumstanceshereis no discerniblesignal Furtherinvestigationof
Equation(7.17) asa measureof informationwill haveto awaita discussiorof the meansof evaluating
Psn.

We might speculatethat what hasbeendone by the subtractionprocessin Equation(7.17) is to
converta continuousprobability densityfunction, psn, which mightberepresentetdy Figure7.1a (and
from which we obtain ostensibly an infinite quantity of informatior) into a histogramof the type
shownin Figure 7.1b, from which we can obtaina propermeasureof information The effect of the
subtractionprocessn Equation(7.17) is to “discretizé the continuousdensityfunction The width of
the barsin the histogramare determinedby the noiselevel, or the limitation to our measuremenof
valuesof x. If we represenEquation(7.17) as

, = HSN‘ HN (718)
we mightcompardt to the explicit form of theinformationequationfor a discrete noisy channel
» (X]Y) = H(X) - H(X]Y) . (4.21)

Although the comparisonis not perfect the equivocation H(X|Y), seemsto play the part of the
differentialentropyof noise

CONVOLUTION

It wasstatedabovethat psn(X) is the probability densityfunctionfor pure signalcompoundedvith
noise without suggesting procedurdor obtainingit. The methodusedis oneof convolution Suppose
that ps(x) andpn(X) aredensityfunctionsfor signaland noiserespectively We recall that psy(X)DX is
the probability of finding a value of signalplusnoise whosetotal lies betweenthe valuesof x and
x+Dx. Thus for example psn(10)Dx is the probability that xs + xn = 10 very nearly There are
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however infinitely manywaysby which xs + xy = 10:

Xs =14, Xy =-4, Xs+Xxy =10
Xs =13, Xy =-3, Xs+Xxy =10

Xs =10, Xy =0, Xs+Xxn =10

Xs=-5 Xy =15 Xs+Xxny =10

Thus if weletx = xs + Xy andxY = xy, thenxs = x - xY Therefore

Xs + XN Xs XN
g ,_J%
psMX)Dx = @ ps(x- x)Dx pn(xJDx". (7.19)
x- ¥

The probabilitiesps(x - xYDx andpn(xYDxVaremultiplied to give the probability of concurrencef
the two independenevents andthe productsare addedto give the total probability of thesemutually
exclusiveevents Taking Equation(7.19) to thelimit asDx"® O,

psn(X) = ), Ps(x - X9 Pu(xI A, (7.20)

Equations(7.19) and (7.20) could equally well have beenwritten with the argumentsof the two
functionsinterchangedThe integralin Equation(7.20) is known as a convolutionintegral, andit its
foundin manybranche®f mathematics

Using Equation(7.20), we can in principle, obtainpsn explicitly, by convolvingthe two functions
ps andpn. Theintegrationcanoftenbe carriedout analytically.

We can now, in principle, evaluate, , the information containedin a measuremeninadeof a
variablethatis distributedcontinuously from knowledgeof the two probability densityfunctions ps
andpn:

(a) UsingEquation(7.20) we obtainpsn(X).
(b) UsingEquation(7.17) / (7.18) we obtain, .

APPLICATIONSIN PERCEPTUALSTUDIES

There are very, very few investigatorswho have found it desirableto usethe information from
acontinuouslydistribute@ probability density functions (sometimeseferredto as 2information from
analogchannel8) in studiesof perception Suchanaloginformationwill, however be requiredalmost
exclusivelyin the sensorystudiesthatfollow in this book It is well to remembethatwhile differential
entropy is not a proper measureof information any difference betweentwo differential entropies
evaluatedor the samerandomvariable x, is indeeda correctmeasureof information The differential
entropythatis subtractecheednot alwaysrepresenthe obfuscatiorof a2noise® For example consider
two absoluteentropies

Has1 = Haitrr = Hioise (7.21)
Hae = Haitrz = Hioise - (7.22)
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Then
Has1 - Hapo = Haps = Haiern = Haisez - (7.23)

H.,s is foundasthe differencebetweertwo differential entropiesneitherof which representsioise

We shall have occasionto obtain an absoluteentropy as the difference betweentwo differential
entropiesthe secondf which will belabeled?reference:

Habs = Hdiff - Hreference' (7-24)

H eterenceMay or may not be a noisein the usualsensebut it will, nonethelesdimit the precision

with which a sensoryneasuremerntanbe made (Pleaseaeferalsoto Chapterl6.)
H,,s becomes little moretangiblewhenit is evaluatedor specific probability densityfunctions

The objectof the nextchapterwill beto evaluateH , whenthe differential entropiesfrom whichit is
obtainedssuefrom the normalor Gaussiardistribution

NOTES

1. @Convolutior? (Latin, con together+ volvere to roll). Perhapsetteris 2folded back® As the
dummyvariablexVincreasesthe argumenbf psy(xY increaseswhile thatof ps(x - xY decreases
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