
CHAPTER 9

MODELING THE H-FUNCTION

It is time to pick up the threadof the argumentthat was begunin Chapter2. The fundamental
equation(2.6) wasproposed,

F = kH ,     (2.6) / (9.1)

where F is a perceptuallyrelatedvariable such as subjectivemagnitudeor impulse frequencyin a
sensoryneuron, k is a constantthat is greaterthanzero, andH is theentropyof a stimulus. SinceH can
beregardedasanuncertainty, or perhapsasa potentialfor receiptof information, F is a measureof this
uncertaintyor potentialto receiveinformation. Therefore, Equation(2.6)/(9.1) statesthata quantity, F,
which canbe measuredin the laboratory, is, in effect, a measureof uncertainty. In Chapter2, it was
suggestedthat the “denomination” of this uncertainty– that is, thequantitywhich is uncertain– is the
exactvalueof thephysicalmagnitudeor intensityof thestimulus. This processof settinga measurable
quantity proportionalto an uncertaintyno doubt strikessomepeopleas enigmatic, to say the least.
However, we may recall that we havealreadyencounteredthis processin Chapter6 in our surveyof
statisticalmechanics. Boltzmannhaddiscoveredthat

S = kB lnW = kBHI ,     (6.20) / (6.21)

whereS is the thermodynamicentropyof a gasunderequilibriumconditions, andkB is now knownas
Boltzmann’s constant. Thedenominationof theuncertainty, H, is theexactmicrostatecorrespondingto
a givenmacrostate. A measurablequantityhadbeensetequalto anuncertainty.

“Aha!” youmaybethinking.
“SoF = kH hasbeenmodeledafterS = kBHI !”

Would that I possessedsuchinsight. Thereseemsto be no direct link connectingphysicalentropy, S,
with, for example, neuralimpulserateasmeasuredby F. Therecertainlyhavebeenstudiesinvolving
the thermodynamicentropyof neuralprocesses(e.g. Margineanu, 1972), but thesestudieshavenot, to
my knowledge, beenrelatedto perceptualfunction. We shall, however, drawtheequationsF = kH and
S = kBHI quitecloselytogetherin Chapter15.

“Then what reasoningled you to postulateF = kH?” you may ask. A rather different sort of
reasoning, closerto thephilosophyof Berkeleythanto thephysicsof Boltzmann.

Now is a good time to look back at Figure 1.2, which gives the order of exposition. We have
proceededto theright, acrossthetop of theflow diagram, downtheright-handside, andpartwayacross
thebottom. We arenow movingtowardtheblock at thelower left corner. Thecenterblock (validation)
will takeusthrougha numberof chapters. Weshallthenproceedup theleft-handsideof thediagramto
reachBerkeley, with whoseconceptof “ relativeperception” we reallybegan.

At the level of Chapter2, we haddevelopedonly the conceptof entropyor informationof events
with discreteoutcomes. So, in order to introduceEquation(9.1), it was necessaryto postulatethe
existenceof an organism that could perceive only discrete stimuli. That is, the organism could
determineonly thatthestimulusassumedthevaluesI1, I2, ..., In, but couldnot perceivea continuumof
intensities1. Then, if the probabilities of occurrenceof the stimuli were equal, H = logn, and
F = kH = klogn: F was proportional to the logarithm of the numberof equally probablestimulus
intensities. This discreterepresentationcertainlyproducessomeconceptualproblems, which I tried to
mitigate, tentatively, in Note 6 to Chapter2. The discreterepresentation, however, was intended
primarily asa vehicleto introduceEquation(9.1). A morerealisticinterpretationof (9.1) requiresthat
H be a measureof entropyin a systemwith continuousoutcomes; that is, a systemwhereintensity, I,
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9. ModelingtheH-Function 89

canvary continuously. For this reason, we took a long digressionthroughChapters4, 5, 7 and8. We
shouldnowbein possessionof theconceptualapparatusnecessaryto proceed.

THE SENSORYRECEPTORAS A QUANTUM DETECTOR

Manyof theideasdevelopedherewereput forwardby theauthorin 1977.
The sensorystimulusbelongsmostproperly to the microscopicor quantumworld. Fewerthan10

moleculesof an odorantmay be detectedby the olfactory receptor(s). About 15 photonsmay be
requiredto seea flashof light (Barlow andMollon, 1982, page127). Certainlywhenoperatingat these
near-liminal levels, the sensorydetectorcan be regardedas a ªquantumdetector.º However, the
sensoryafferentneuronissuingfrom thesereceptors, and most particularly the brain to which these
neuronsreport, doesnot seemto be equippedto detectindividual quanta(molecules, photons...). Let
meelaborate.

As statedbefore, we are concernedin this book primarily with constantstimuli of the intensity
type; that is, with stimuli of light, sound, concentration, etc. that are presentedin the form of step
functions(Figure 1.1). However, to be more preciseit shouldbe said that we shall be dealingwith
stimuli whosemeanor averagevalueis constant, sincemoststimuli of the intensitytype consistof a
multitudeof small particlesor bundlesof energywhosedensityis changingon a momentto moment
basis(Figure9.1). For example, if it is statedthat thestimulusis an0.1 M solutionof sucrose, what is
meantis that the bottle of stocksolutioncontains0.1 mole of sucroseper litre of solution. However,
dueto randommovementsof sucrosemoleculesin solution, a very small sampleof this solutionwill
seldomconsistof exactly the statedconcentration. The concentrationof a very small samplewill
fluctuateabout the value of 0.1 M. Therefore, the sensoryreceptors, which sampleonly very small
quantitiesof the stimulus solution, will detect variable concentrationsof sucroseeven when the
stimulusis (macroscopically) constant(Figure9.1). Similarly, thephotoreceptor, evenwhenstimulated
by a macroscopicallyconstantlight stimulus, will recorda fluctuatingphotondensity.

Not all the sensorystimuli that we dealwith canbe reducedto a densityfluctuationdiagramsuch
as Figure 9.1, but the principle of fluctuation about the meanwill still prevail. For example, if we
apply a sudden, constantload to a tendonwhich activatesa stretchreceptor, therewill be a periodof
transient oscillation, followed, probably by small, sustainedfluctuations about the mean force,
produced by muscle and elastic elements. Similarly, sound waves which activate the hearing
mechanismconsistof fluctuationsin air pressure, etc.

The receptorsare quantumreceptorsand, therefore, detectquantumfluctuations. However, the
brain, which receivesthe reportof sensoryreceptors, is not madeawareof quantumfluctuations. The
messagethebrainreceivesconcernsthelevelof thesteady, macroscopicstimulus, which is themeanof

Figure 9.1 Thelargecuberepresentsa largesampleof a fluid containing24 particles. Imagine
the boundariesof this cubeas impermeableso that, althoughparticlesare free to moveabout,
they cannotescapefrom the large container. Particlesmove aboutrandomlywithin this cube.
The small curvesrepresentsmall samplesof the fluid suchasmight be obtainedby a sensory
receptor. The boundariesof the small cubes(in dottedlines) are just imaginedboundaries, so
thatparticlesarefreeto movein andout. Dueto randommovementsof theparticles, oneof the
small cubescontainsno particles, two of them contain one particle, and one containsthree
particles. In this way, a sensoryreceptormayobtain0, 1, 2, 3, ... particlesin anyoneprocessof
sampling.
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thesignalsdetectedby thereceptors. The fluctuatingenvironmentof thesensoryreceptoris translated,
presumablyby a processof averaging, into a smoothreportreceivedat thebrain. Sincethemessageof
thesensoryreceptorsis usuallyrelayedto thebrainby meansof a neuralfrequencycode, it is expected
that this frequencywill also, usually, encodea smoothedor averagedsignal (although, of course, we
cannotbesure).2

SAMPLING THE STIMULUS POPULATION

Thereceptorwill beregardedasdrawingsamplesfrom thestimuluspopulationwhich, in turn, will
beregardedasaninfinite population. Eachsamplewill provideonevalueof thedensityof thestimulus.
For concentration, densityequalsthenumberof moleculespersampledfluid volume; for light, density
equalsthe numberof photonsper volume of light beamsampled. The samplesare identically and
independentlydistributed. Hence, if the original populationof densitieshadmean, m, andvariances S

2

(‘ S’ designates‘Stimulus’ ), the meanof m samplingsof the populationwill be a sampleof size m,
which, by the central limit theorem, will tend toward the normal distribution with mean, m, and
variance, s S

2 /m , asm increases(seeChapter8).
At what ratedoesa sensoryreceptormakesamplingsof its stimuluspopulation? We do not know.

We know only that suchsamplingsmustbe occurring. In the absenceof any definitive knowledge, I
suggesta sortof null conjecture:Qnamelythattherateof samplingis constant, sothatat time, t,

m = [t / ts] ,     (9.2)

wherets is the time betweensamples, and[t / ts] designatesthegreatestintegernot greaterthant / ts. In
a continuousrepresentation,

m = at , a constant > 0 .

a = dm/ dt ,

    (9.3)

    (9,4)

or

samplingrate= dm/ dt .     (9.5)

Clearly, for m small, the approximationof numberof samplings, m, by the continuousvariable, t,
will weaken; and additionally, for small m the acceptabilityof the central limit theoremweakens.
Therefore, the validity of the model for H asa function of t that we aredevelopingwill extendonly
beyondsomeminimumvaluefor thevariable, t.

Thedifferentialentropyof thedistributionof meansis

HS = - òplnpdx ,     (9.6)

or explicitly (from Equation(8.18)),

HS = 1
2

ln(2pes S
2 /m) ,     (9.7)

where p is the normaldistributionwith variances 2/m. We do not know the factorsoperatingwithin
the receptorsystemthat limit the precision with which a mean may be measured. However, we
understandfrom Chapter7 that in the absenceof sucha ªnoiseº distribution, no information can be
received.

THE REFERENCESIGNAL

Let us, therefore, assumethe existenceof ªGaussianwhite noise,º which is just an interfering
signalwhoseprobabilitydensityis normal. Sincethetermªnoiseº is usuallyregardedin thepejorative,
let usdesignatethis signalasreferenceinstead. It is a stimulussignalwithout which informationwould
not bemeasurable. Accordingly, its variancewill bedesignatedby s R

2 , andits differentialentropyby

HR = 1
2 ln(2pes R

2) .     (9.8)
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Theabsoluteentropyreceivedperstimulus, H, is thengivenby

H = HS+R - HR = 1
2 ln[2pe(s S

2 /m+ s R
2)] - 1

2 ln(2pes R
2) .     (9.9)

H = 1
2 ln(1 + s S

2 /ms R
2) .     (9.10)

In the theory that follows we shall take s R
2 to be constantfor a given modality of sensation.

IntroducingEquation(9.3),

H = 1
2 ln(1 + s S

2 / s R
2a t ) .     (9.11)

SinceF = kH from Equation(9.1), wehave

F = 1
2 k ln(1 + s S

2 / s R
2a t ) .     (9.12)

RELATIONSHIPBETWEENVARIANCE AND MEAN

Equation (9.12), then, relates the perceptualvariable, F, to s S
2, the varianceof the stimulus

population, and t, the durationof the stimulus. Unfortunately, in this form, the equationis still not
readily applicablein the analysisof experiments, becauses S

2 is not usuallyknown. In the laboratory,
we measurethe meanstimulus value, m, but usually not the variance. It is, therefore, necessaryto
introducea relationshipbetweenmeanandvarianceof theform

s S
2 = f (m) ;     (9.13)

that is, s S
2 is somefunctionof meanstimulusintensity, m. However, in formulatingsuchanequationit

is necessaryto bearin mind wheres S
2 is beingªmeasured,º andwheremis beingmeasured. s S

2 is the
stimulus varianceªas seenbyº the sensoryreceptor; it is the varianceobtainedby the receptor' s
samplingof its stimulusenvironment. On the otherhand, m, the populationmean, is estimatedby the
investigatoras I, the intensity of the constantstimulus(that is, m= I ), at someconvenientlocation
within thelaboratory. Forexample, s S

2 for auditionmaybemeasuredat thehair cellswithin thecochlea
in theinnerear, while m= I = soundintensityQQ is usuallymeasuredby a soundlevel meterat theouter
ear. Hence, s 2 incorporatesfluctuation arising from both the physical stimulus and the biological
receptor. Therefore, thecharacterof thefunction, f (m), is not obvious, althoughin thecaseof audition
someideamaybeobtainedfrom thework of Rhode(1971). I selectedfor f (m), empirically, a simple
powerfunction, sothat

s S
2 µ mn, n constant > 0 ,     (9.14)

or, sincem= I,

s S
2 µ In .     (9.14a)

Theconstant, n, maydiffer amongthemodalitiesof sensation.
I chosethis function for severalreasons. First, relationshipsbetweenmeanand variancewithin

statisticalphysicsoften assumethe form of Equation(9.14). For example(Jackson, 1968, or other
textbookson statisticalmechanics), for a monoatomicideal gasin thermalequilibrium with a thermal
reservoir, and performingno mechanicalwork, the standarddeviationof energy, s(E), is relatedto
meanenergy, m, by therelation

s(E) /m= 1/ (3N/2)
1
2 ,     (9.15)

whereN is the(constant) numberof particlesin thegas. Thatis,

s(E)2 µ m2 .     (9.15a)

As anotherexample, thenumber, N, of photonsin a monochromaticbeamemittedperunit time by
a thermalsourcekeptat constanttemperature, will fluctuate. Thegeneralequationfor s 2(N), themean
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squarefluctuation, wasfoundby Einstein. However, in theWienapproximationwehavesimply

s(N)2 = m.     (9.16)

Equations(9.15) and (9.16) are specific examplesof mean-variancerelationshipsof the form
(9.14).

A secondreasonfor selectingEquation(9.14) is thata similar relationshipmight beexpectedfrom
any processwherein a total measurement, I, is the sum of a numberof partial measurements. For
example, a length, ma, is measuredby laying downm timesa measuringrod of lengtha. Supposethat
eachsinglemeasurementis regardedasa randomvariablewhosestandarddeviationis s 1(a). Then, the
varianceof thesumof m measurements, s(ma)2, is equalto ms 1(a)2 by therule of summingvariances
of independentrandomvariables(for example, FreundandWalpole1980, p 157 or Weatherburn1961,
p 27). Thatis,3

s(ma)2 µ m = ma/a = I /a ,

or

s(ma)2 µ I .     (9.17)

Total variancevariesasthe ªintensityº (= lengthhere) of the whole, which is just a way of saying
that larger quantitiesare associatedwith greaterfluctuations. The varianceof measurementsof the
separationof two markedpoints in two different cities will be expectedto exceedthe varianceof
measurementsof theseparationof two markedpointsbothwithin a givenroom.

Noneof the aboveexamplesdemonstratethe validity of Equation(9.14); however, they illustrate
theplausibilityof sucha relationship.

THE ENTROPYFUNCTION

IntroducingEquation(9.14a) into (9.11),

H = 1
2 ln[1 + (bU/ s R

2) In/ t )] ,     (9.18)

where bU is a proportionality constant> 0. Finally, condensingthe constantbU/ s R
2 into a single

constant, b,

H = 1
2 ln(1 + bIn/ t ) , [naturalunits] .     (9.19)

Of course, H [bits] is obtainedby dividing H [naturalunits] by ln 2. Equation(9.19), then, givesthe
absoluteentropyof m samplingsby a sensoryreceptortakenoveran interval of time, t, of a stationary
stimuluspopulationof meanintensity, I. SinceF = kH,

F = 1
2 kln(1 + bIn/ t ) .     (9.20)

Before looking more deeply into the meaningof H as calculatedfrom (9.19), let us review the
primary assumptionsthat havebeenusedto deriveEquations(9.19) and(9.20). Six of themarelisted
below.

(1) Thereis a processof samplingby thereceptorof its stimulus.
(2) The stimuluspopulationapproximatesthe normal distribution closely enoughthat the central

limit theoremwill applyto a sampleof almostanysizedrawnfrom thestimuluspopulation.
(3) Sensoryneuronsencodetheir stateof certitudeconcerningthemeanstimulusintensity.
(4) Therateof samplingof a stimulusby its receptoris constant.
(5) A ªnoiseº or referencestimulusdistributionis present. This referencestimulusis Gaussianwith

constantvariance.
(6) Stimulusvarianceat the receptoris a simple power function of the meanstimulus intensity

measuredat a point externalto thereceptor.
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Essentially, upontheabovesix assumptions, theentropyfunctionwasderived. In someapplications
of the H-function we shall not requireoneof eitherassumptions(4) or (6). In later chapters, we shall
occasionallyadd an additionalassumption, namelythat DH, a small differencein H, is constantand
playsthepartof a threshold.

POPULATIONVS. SAMPLEVARIANCE

In orderto understandtheH conceptmoreclearly, andto understandthelimitationsof themodeled
H-function given by Equation (9.19), we had best look at someof the intermediarystagesof its
development. Looking backat Equation(9.10), we seethatfor constants R

2 , thevalueof H is dependent
upons S

2 /m, which is the varianceof a populationof means. However, the perceivingorganismdoes
not haveaccessto thevalueof s S

2 /m. Ratherit mustsamplethestimuluspopulationandobtain, at best,
thevalueof thevarianceof a sampleof thepopulationmeans. That is, theorganismmeasuress2/m as
an estimatorof s S

2 /m. In order to developa more accurateH function, we should have to make
allowancefor theprobabilitydistributionof thesamplevariance, whichweshallnot dohere.

MAXIMUM H AS POTENTIAL INFORMATION

Werecallfrom Equation(9.10),

H = 1
2 ln(1 + s S

2 /ms R
2) .     (9.10)

For fixed I, H is seento be maximumfor m = 1. However, if the sensoryreceptorsare sensing
variancesratherthan means, no samplevariancecan be obtainedfor m lessthan 2. Nonetheless, for
simplicity, let ustake

H = Hmax for m = 1 .     (9.21)

ThenHmax, beinganabsoluteentropy, representsthegreatestamountof informationreceivableby
thereceptorperstimulus. Remember, though, thatHmax is only receivedwhenthemeansignalvariance
is reducedto zero, leaving only the noiseor referencesignal variance[recall the (HSN - HN) idea of
Equations(7.18) and (8.14)]. Looking at Equation(9.10), we seethat this ªextinctionº of the mean
signal variance, s S

2 /m, will only occur for large valuesof m, the numberof samplingsmadeby the
receptor± that is for large t. What transpiresis a gradualreductionin the meansignalvarianceasm
increases± theeffectsof Fisher' s informationfelt here. We might look at Hmax, which we havetermed
anabsoluteentropyor anuncertainty, asthepotentialof theperceivingsystemto acquireinformation.
Potentialinformationis transformedgraduallyinto informationastheperceptualact proceeds.

To broadentheperspective, it is interestingto think backto thequantumphysicalpictureoutlined
in Chapter2. Perceptionof a quantumeventoccursasthewavefunction(thesquareof whosemodulus
is a probability density function) collapsesover time, Dt. That is, in time Dt, the varianceof the
quantumprobability densitydecreases, with the resultingperceptionof the event. The physiological
event occurs continuously, within the ªparadigmº of classicalphysics; the wavefunction-mediated
eventoccurssuddenly, within theparadigmof quantumphysics.

THE SENSORYNEURONAS METACHANNEL

Theconcludingsectionof Chapter6 shouldtakeon clearermeaningnow. We seethat thesensory
receptorreceivesa ªmessageº or ªstatementº from the so-calledªoutsideworld.º 4 Within the context
of the present theory, this statementis never made available to the brain, nor, presumably, to
ªconsciousness.º Since the sensoryneuronal report, F is equal to kH, and H is the entropy or
uncertaintyor potentialto receiveinformation, theneuronalreportis proportionalto theuncertaintyof
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Figure 9.2 Thedifferentworldsof thereceptor, sensoryneuronandbrain. Theªoutsideworldº
is seen only by the receptor. The brain receivesfrom the sensoryneuron only a report
concerningthe ªuncertaintyº of the receptorabout the stateof the outsideworld. From these
reportsaboutuncertainty, thebrainmustsynthesizeits pictureof theoutsideworld. Thecartoon
depictsonly the passivephaseof perception: from the receptorto the brain. It omits the active
phaseof perception, which is theeffectof thebrainon thereceptor.

the receptorabout the statement. That is, the neuronalreport is a statementabout a statementor a
metastatement(Norwich, 1983, 1984).

We seein cartoonfashionin Figure9.2 a germof the Berkeleianapproachto sensoryphysiology:
Thesubstanceof theworld seemsforevercut off from themind thatperceivesit. We seemto bedrawn
ineluctablyinto thephilosophicalcore; however, I amdeterminedto delayit, soon to ...

F AT THE THRESHOLD

Let us considerthe legitimacyof the useof the H-function, asobtainedfrom Equation(9.19), for
smallvaluesof I, whenusedin (9.1), F = kH(I, t ). It is well knownthatwhenI is lessthansomevalue,
I thresh, which mayhaveto bedeterminedwith dueattentionto thestatisticalmethodsof signaldetection
theory, a stimulusis imperceptible. However, sinceH hasbeenmodeledas a continuous, monotone
function of I for all valuesof I ³ 0, F will be greaterthanzero for all valuesof I greaterthanzero.
When the perceptualvariable, F, is interpretedas subjectivemagnitude, F > 0 for I < I thresh is not
acceptable. Clearly, some correction is necessaryin Equation (9.1) when I is near threshold,
particularlywhendealingwith subjectivemagnitudes. Simplestwouldseemto be

F = k[H(I, t ) - H(I thresh, t )] .     (9.22)

This equationwould beappropriateif I threshassumedtheform of a maskingstimulus. As we shallseein
the next chapter, Equation(9.22) is in accordwith the experimentalfindings of Lochnerand Burger
(1961).5 But later we shall be treating thresholdsin a mannerquite different from the usual, by
representingthemin termsof theminimumquantitiesof informationrequiredto perceivea stimulusor
to discriminatebetweenstimuli; so it is, perhaps, prematureto speculateaboutEquation(9.22). We
shall continueto useEquation(9.20), but with cautionor not at all in the proximity of I thresh. So we
havenow issuedcaveatson theuseof certainof our modelequationsbothfor very small t andfor very
smallI.
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INFORMATION-FREE-APPROACH

In Chapter8 (Information) it was statedthat we could, probably, proceedwith this entropic
interpretationof perceptionwithout usingtheconceptof informationat all. We cannow seeexplicitly
how that might be effected. Referring to Equation (9.9), we see that H can be split into its two
componentsgenerically:

H = - òpSRlnpSRdx + òpR lnpRdx ,     (9.23)

wherepSR is the summatedprobability densityfor stimulusandreference. The secondintegralon the
right-handside, representingthe differential entropyfor the referencestimulus, is constant, sincepR

dependsonly on theconstant, s R
2 , whichhasbeentakenasconstant. Therefore, wecanwrite

H = [Differential entropyfor stimulus+ reference] + l U,     (9.24)

wherel Uis constant; or

F = kH = k [Differential entropyfor stimulus+ reference] + l ,     (9.25)

wherel is constant; or simply

F = kHdiff + l .     (9.25a)

Hdiff is, of course, decreasingwith time dueto its argument, s S
2 / t. Written in the aboveform, the

theoryis, in principle, ªinformation-free,º sincethedifferentialentropyis not aninformation.
Equation(9.25) is of greatinterestto mebecauseit parallelsBoltzmann' sequation

S = - kBHB     (9.26)

(cf. Equation (6.20)), where HB is Boltzmann' s H-function (akin to a differential entropy), kB is
Boltzmann' s constant, andS is physicalentropy. Equation(9.26), the equilibrium form for which has
beenderived in Chapter6 [S = kB lnW (Equation6.21): seeTolman, 1979, page135], statesthat,
ignoringadditiveconstants, physicalentropyis proportionalto Boltzmann' s H-functionbothin andout
of equilibrium(ter Haar, 1966, page27). Boltzmannshowedthat, dueto molecularcollisions,

dHB

dt
£ 0 ,     (9.27)

thus demonstratingthrough the use of statisticalmechanicsthat the thermodynamicentropy, S, is
non-decreasing(recallthesecondlaw of thermodynamics). Onecannotbut notetheparallel:

F [dueto its dependenceonH(t )] is necessarilynon-increasingwith increasingtime.
S[dueto its dependenceonHB(t )] is necessarilynon-decreasingwith increasingtime.
Weshallreturnto HB in Chapter15.

CONVERVATION LAWS AND UNIFICATION

The secondpart of Chapter1 wasdevotedto a discussionof the natureof physicallaws andtheir
capacityto ªunifyº theobservationsof science. Thedistinctionwasmadebetweenlawsof conservation
and laws of mechanism, andI shouldlike to pursuethat distinctionherein termsof sensoryscience.
Chapter3 consistsof a surveyof manyof the empirical rules (or laws) of sensationand perception.
Thesearerulesthathavebeenlearnedby experience; theyare, essentially, codifiedmeasurements. Our
job in thenext few chapterswill beto derivetheselawstheoreticallyfrom Equations(9.19) and(9.20).
That is, we shall try to deriveALL empirical laws that relate a single, constantstimulusof intensity
I > I thresh, applied for a duration of time t > to, to a selectedperceptualvariable, F, using the single
theoreticallaw, F = kH.

Megalomania, perhaps.
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Now, it is importantto realizethatF = kH is a theoreticallaw of theconservationtype; it is not a
mechanisticlaw. Pleaserecall that the H-function was derived from considerationsof uncertainties
residentin the stimulus. That is, a model of the stimulus was formulated, and an expressionfor
differentialentropywasderivedfrom it. We approachedit from thepoint of view of fluctuationsin the
densityof quanta. However, stimuli other than thoseof the ªintensityº type may give rise to other
modelsfor H; the useof a fluctuating densityof quantamay not alwaysbe appropriate. Someother
quantitymaybesampledby thesensoryreceptor.

We have seenhow H measuresthe potential to deliver information. Neurophysiologically, the
equationF = kH depicts the transformationof that potential stimulus information to the sensory
receptors. Considera constantstimulusappliedto a receptor. When m1 samplingshavebeenmade,
H = H1. Whenm2 samplingshavebeenmade, H = H2. Let m2 be greaterthan m1. Then F1 = kH1,
F2 = kH2, sothat

(F1 - F2) / k = H1 - H2 .     (9.28)

We specifythat the informationH1 - H2 bits is transferredto thereceptor, which acknowledgesits
receiptby signalingF1 - F2 units of information. Whenm1 is very small andm2 is very large, so that
H1 ® Hmax andH2 ® 0, then

Fmax/ k = Hmax .     (9.29)

Thatis, Fmax is proportionalto thetotal stimulusinformation. If wewrite, further,

F1 - F2
F1

= H1 - H2
H1

,     (9.30)

we just state that the differencebetweenany two F-values, as a receptorcontinuesto sampleits
stimulus, designatesthe fraction of the total availableinformation transmittedto the receptorat any
m-valueor time. So we seethat F = kH canbe viewedasa kind of conservationlaw that metersthe
flow of information from stimulus to receptor. No more than Fmax/ k units of information may be
transmittedfrom stimulusto receptor.

We observe, though, thatno mechanismfor thetransmittedinformationis specified; we don' t know
how the information passedfrom stimulus to receptor. We recall from Chapter 1 that laws of
mechanismcomplementlawsof conservation. Thedevelopmentanduseof F = kH in no way supplants
thesearchfor theprinciplesof operationof sensoryreceptors± theelectricalandmechanicalproperties
of signaltransducers. A fortiori , lawsof thetypeF = kH needlawsof mechanismto providea basefor
information transmittal. In the final analysis, knowledgeof mechanismwill enableus to formulate
improved versionsof the H-function, and, perhapstailor the H-function to each specific type of
receptor. The thrust of the next few chapters, however, will be to show how far we can go without
knowledgeof mechanism, usinga commonmathematicalform of the H-function for all modalitiesof
sensation.

APPENDIX: THE PARABLE OFTHE SUPERMARKET

(A PedagogicalLamentationon theElusivenessof Friendship)

I supposemy motivesmight be suspectwhen I go to the supermarketwith almostno moneyor
plasticat my disposalbut with a calculatorcapableof addingnumbersas largeas10500. I proceedto
the fruit sectionwhereI notethat eachspeciesof fruit is piled on its own specialtable: onetable for
grapes, onetablefor apples, etc. I go to onesuchtableandproceedto weighnearlyeveryitem of fruit
on the table using the scaleprovided. I enterthe weight into the memoryon my calculatorand then
computetheaverageweightof a pieceof fruit, which I duly record. Beforeleavingthe table, I pick up
one pieceof fruit at random, re-weigh it, and recordthe weight. I then go on to a secondtable and
repeatthe aboveritual. I am monopolizingthe scales, so I make little grimacesand utter audible
expressionof annoyanceto signify my dissatisfactionwith the whole tableful of fruit, in the hopesof
assuagingtheangerof thewomanbehindme. Whatdoessheknowof themethodsof science?
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I leavethe storewithout buying anything, but brandishingmy calculator, andI soonmeeta friend
on the street. He tells me how happy he is to meet me, but I suspectthat he doesn' t mean it.
Nonetheless, I decideto posethe following problemto him. I providehim with theweightsof the two
piecesof fruit thatI haveselectedat random, but I donot tell him whatkindsof fruit theyare. I askhim
to guess, for eachof thetwo typesof fruit, what theaverageweightof thefruit on thetablewas, andto
estimatetheªuncertaintyº in his guessof theaverage. That is, I amreally askinghim to estimatea sort
of standarddeviationof hisguessof theaverage.

Well, thefirst pieceof fruit weighed5120 grams. My friend guessesthatthis fruit musthavebeena
watermelonor pumpkin, estimatesthe averageweight of the speciesas5000 gramsandhis error as±
2000 grams. Theweightof thesecondpieceof fruit was45 grams. My friend guessesthat it mustbea
berryof somekind, andestimatestheaverageweightas50 grams± 20 grams. His uncertaintiesabout
the averageweight are, then, 2000 gramsand20 grams. I suspectthat he is burningwith curiosity to
know the true valuesof the means, so I kindly relievehis curiosity by telling him what they were. I
wish to continuethe dialogueby showingmy friend what wisdomlay inherentin his choices, but he
seemsvery anxiousto go somewhereandI do not wish to detainhim. He tells me thatwe really must
get togethersometime, but I think hedoesn' t meanit. He leavesbeforeI canteachhim the two main
lessonsto belearnedfrom theguessinggame, but I' ll tell him nexttime. MaybeI' ll sendhim a letter...

Thefirst lessonis thatwhenI providedhim with thecorrectanswer, his uncertaintyªcollapsedº (in
the languageof physics), andhe receiveda quantityof informationthatdependedon themagnitudeof
hisprior uncertainty. Wecan, in fact, measurethis information. ThescalethatI usedin thesupermarket
hada resolutionof about5 grams; that is, measurementswereaccuratewithin a rangeof ± 5 grams.
Consider, now, eachof thetwo piecesof fruit which, were, in fact, a pumpkinanda strawberry.

(i) Pumpkin:
estimatederror= ± 2000 grams
ªreferenceweightº or resolutionof thescale= 5 grams
call 5 gramsa ªresolvablecategoryº
informationreceived= log2 (numberof resolvablecategories)

= log22000/5 = 8.64 bits.
Perhapsmore precisely, sincehis estimateof error did not take accountof the error of the
scale, wecancombineerrorsusingtherule for additionof variances. Then,
informationreceived= 1

2 log2[(5
2 + 20002) /52]

= 1
2 log2(1 + 20002/ 52)

= 8.64 bits (Pumpkin).

(ii ) Strawberry
estimatederror= ± 20 grams
ªreferenceweightº or resolutionof thescale= 5 grams
again, call 5 gramsa ªresolvablecategoryº
informationreceived= log2 (numberof resolvablecategories)

= log2(20/5) = 2.00 bits
Or, usingagaintheadditionof variances,
informationreceived= 1

2 log2[(5
2 + 202/ 52]

= 1
2 log2(1 + 202/ 52)

= 2.04 bits (Strawberry).

The secondlesson, that I did not get the chanceto teachmy friend, is that he receiveda greater
quantityof informationwhenI providedhim with thecorrectaverageweightof thepumpkinthanwhen
I providedhim with the correctaverageweight of the strawberry. Largermeasurementsareassociated
with largerquantitiesof information. Intrinsically, he knew that whenhe ascribeda largererror to the
pumpkin estimatethan to the strawberryestimate. All this mathematicalknowledgewas actually
presentin my friend' s mind all along. I just helpedhim to extractit. Socratesunderstoodsuchmatters
longago, aswe learnin Plato' sTheMeno.

My friend is probablyalreadyregrettinghavingtreatedmein sucha distantmanner. He is probably
going to call me tonight to apologize. I' ll haveto remindhim that, in this Parableof theSupermarket,
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wearenot forbiddento compareEquations(Pumpkin) and(Strawberry) to Equation(9.10) with m = 1:

H = HS - HR = 1
2

ln(1 + s S
2 / s R

2) .

He' ll growwarmandfriendly with theacquisitionof this wisdom. I' m surehewill .

NOTES

1. Is this equivalent to the existenceof an organismthat possessesthe ability to perceivea
continuumof stimuli, immersedin a world in which stimuli alwaysassumediscretevalues, like the
eigenfunctionsof a quantummechanicalsystem?

2. I know, whenI look at a light signal, that I do not perceivequantalfluctuations. That is, I amnot
consciousof suchfluctuations. But do thesensoryneuronsreportsuchfluctuationsanyway? I think not.
However, evenwhena sensoryneuronfires at a constantaveragerate, therearemomentby moment
fluctuationsin theconstantrate(stationarytime series). I shallassume, in theabsenceof knowledgeto
the contrary, that thesefluctuationsin neuronalfiring rate do not reflect quantalfluctuationsin the
stimulusdensityalthough, admittedly, future researchmay show otherwise. Recall, also, that we are
confining our discussion, for the most part, to stimuli of the ªintensityº type, so phenomenasuchas
ªphaselockingº in pitch perceptionarenot consideredhere.

3. This relation, s(na) µ n , led Cattell (1893) to his well-knownconjecture: ªThealgebraicsum
of a numberof variableerrorstendsto increaseas the squareroot of the number...º Recall also the
generalizationof the aboveby Guilford (1932) into the ªFullerton-Cattell law,º discussedin Note 6,
Chapter2. However, it is most important that the readermake the following distinction. In the
developmentof this entropy theory of perception, we are introducing a mean-variancerelationship
(Equation (9.14)) at the level of the stimulus (for example, a relationshipbetweenthe mean and
varianceof the density of odorant molecules). We are not introducing any a priori relationships
betweenthe meanstimuluslevel andthe differential threshold, DI, for purposesof obtainingWeber' s
law. We shall derive Weber' s law from the generalequationof entropy, (9.19). I am grateful to
ProfessorHarryLawlessfor drawingmy attentionto this situation.

4. Within this entropicview of perception, the meaningof the term ªoutsideworldº is not all that
simple, asshownin Figure9.2. Sincea direct view of the ªoutsideworldº is deniedto us, thebestwe
cando is to formulatea modelof this world. This model is onewhereinmagnitudesof outside-world
eventsareinferredfrom theneuronalreportsof uncertainties.

5. LochnerandBurger(1961) foundfor loudnessthata functionof theform

F = k(In - I thresh
n )

wasmuchmoreaccuratein describingexperimentallymeasureddatathana functionof theform

F = k(I - I thresh)
n .

Weseein Chapter10 that, in termsof H, LochnerandBurger' s findingsmeanthat

F = k[H(I, t ) - H(I thresh, t )]

is betterthan

F = k H(I - I thresh, t ) .

Q. (2003 ed. note) The ªnull conjectureº regardingsamplingrate by a receptor, introducedat
Equation(9.2) wasstudiedin moredetail. The receptor, it seems, samplesits stimulusenvironment
morerapidly whenthe stimulusfirst appears, andthenprogressivelymoreslowly (K. H. Norwich and
W. Wong, ªA UniversalModel of Single-Unit SensoryReceptorActionº, MathematicalBiosciences,
125, 83-108, 1995). Using this model, one can account, in a quantitativemanner, for neuralactivity
during rapid onsetand removalof stimuli (adaptationand de-adapatation), and for the responsesto
time-varyingstimuli. Stimuli of this typearenot embracedby thetheorypresentedin this book.
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QQ. (2003 ed. note) Thetermsoundintensity, asusedin this book, will imply a scalarquantitythat
canbemeasuredby thesquareof theamplitudeof a soundwave. More properlyused, soundintensity
is a vectorquantitydiscussed, for example, by FrankFahy, SoundIntensity. E. andFn. Spon, London,
1995.
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