CHAPTER 9

MODELING THE H-FUNCTION

It is time to pick up the threadof the argumentthat was begunin Chapter2. The fundamental
equation(2.6) wasproposed

F =kH, (2.6)/(9.1)

where F is a perceptuallyrelatedvariable such as subjectivemagnitudeor impulse frequencyin a
sensoryneuron k is a constanthatis greaterthanzerq andH is the entropyof a stimulus SinceH can
beregardedasanuncertainty or perhapsasa potentialfor receiptof information F is a measuref this
uncertaintyor potentialto receiveinformation Therefore Equation(2.6)/(9.1) stateghata quantity, F,
which canbe measuredn the laboratory is, in effect a measureof uncertainty In Chapter2, it was
suggestedhatthe “denominatioh of this uncertainty— thatis, the quantitywhich is uncertain- is the
exactvalueof the physicalmagnitudeor intensityof the stimulus This processof settinga measurable
guantity proportionalto an uncertaintyno doubt strikes somepeopleas enigmatic to say the least
However we may recall that we havealreadyencounteredhis processn Chapter6 in our surveyof
statisticalmechanicsBoltzmannhaddiscoveredhat

S=ksInW = kgH, , (6.20) / (6.21)

whereSis the thermodynamientropyof a gasunderequilibrium conditions andkg is now known as
Boltzmanns constant The denominatiorof the uncertainty H, is the exactmicrostatecorrespondingo
agivenmacrostateA measurablguantityhadbeensetequalto anuncertainty

“Ahal” youmaybethinking.

“SoF = kH hasbeenmodeledafterS = kgH;!”
Would that| possesseduchinsight Thereseemgo be no directlink connectingphysicalentropy S,
with, for example neuralimpulserate as measuredy F. Therecertainly havebeenstudiesinvolving
the thermodynamientropyof neuralprocessesge.g. Margineany 1972), but thesestudieshavenot, to
my knowledge beenrelatedto perceptuafunction We shall however drawthe equationd = kH and
S = kgH, quitecloselytogetherin Chapterl5.

“Then what reasoningled you to postulateF = kH?" you may ask A rather different sort of
reasoningcloserto the philosophyof Berkeleythanto the physicsof Boltzmann

Now is a good time to look back at Figure 1.2, which gives the order of exposition We have
proceededo theright, acrosshetop of the flow diagram downtheright-handside andpartwayacross
the bottom We arenow movingtowardthe block at the lower left corner The centerblock (validation
will takeusthrougha numberof chaptersWe shallthenproceedup theleft-handsideof the diagramto
reachBerkeley with whoseconceptof “relativeperceptioit we really began

At the level of Chapter2, we had developedonly the conceptof entropyor informationof events
with discreteoutcomes Sq, in order to introduce Equation(9.1), it was necessaryto postulatethe
existenceof an organismthat could perceive only discrete stimuli. That is, the organism could
determineonly thatthe stimulusassumedhevaluesl 1, 1, ..., I, butcould not perceivea continuumof
intensitied. Then if the probabilities of occurrenceof the stimuli were equal H = logn, and
F = kH = klogn: F was proportionalto the logarithm of the numberof equally probablestimulus
intensities This discreterepresentatioertainly producessomeconceptuaproblems which | tried to
mitigate tentatively in Note 6 to Chapter2. The discreterepresentationhowever was intended
primarily asa vehicleto introduceEquation(9.1). A morerealisticinterpretationof (9.1) requiresthat
H be a measureof entropyin a systemwith continuousoutcomesthatis, a systemwhereintensity; I,
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canvary continuously For this reason we took a long digressionthroughChapters4, 5, 7 and 8. We
shouldnow bein possessionf the conceptuabpparatusiecessaryo proceed

THE SENSORYRECEPTORAS A QUANTUM DETECTOR

Many of theideasdevelopecderewereput forward by theauthorin 1977.

The sensorystimulusbelongsmost properly to the microscopicor quantumworld. Fewerthan 10
moleculesof an odorantmay be detectedby the olfactory recepto¢s). About 15 photonsmay be
requiredto seea flash of light (Barlow andMollon, 1982, pagel27). Certainlywhenoperatingat these
nearliminal levels the sensorydetectorcan be regardedas a 2quantumdetector® However the
sensoryafferentneuronissuingfrom thesereceptors and most particularly the brain to which these
neuronsreport doesnot seemto be equippedto detectindividual quanta(molecules photons...). Let
meelaborate

As statedbefore we are concernedn this book primarily with constantstimuli of the intensity
type thatis, with stimuli of light, sound concentrationetc. that are presentedn the form of step
functions (Figure 1.1). However to be more preciseit shouldbe said that we shall be dealingwith
stimuli whosemeanor averagevalueis constantsincemoststimuli of the intensity type consistof a
multitude of small particlesor bundlesof energywhosedensityis changingon a momentto moment
basis(Figure9.1). For exampleif it is statedthatthe stimulusis an0.1 M solutionof sucrosewhatis
meantis that the bottle of stocksolution contains0.1 mole of sucroseper litre of solution However
dueto randommovementsof sucrosemoleculesin solution a very small sampleof this solutionwill
seldomconsistof exactly the statedconcentration The concentrationof a very small samplewill
fluctuate aboutthe value of 0.1 M. Therefore the sensoryreceptors which sampleonly very small
guantitiesof the stimulus solution will detectvariable concentrationsof sucroseevenwhen the
stimulusis (macroscopically constant(Figure9.1). Similarly, the photoreceptgrevenwhenstimulated
by a macroscopicallgonstantight stimulus will recorda fluctuatingphotondensity

Not all the sensorystimuli that we dealwith canbe reducedo a densityfluctuationdiagramsuch
as Figure 9.1, but the principle of fluctuation aboutthe meanwill still prevail For example if we
apply a sudden constantioad to a tendonwhich activatesa stretchreceptor therewill be a period of
transient oscillation followed, probably by small sustainedfluctuations about the mean force
produced by muscle and elastic elements Similarly, sound waves which activate the hearing
mechanisntonsistof fluctuationsin air pressureetc

The receptorsare quantumreceptorsand therefore detectquantumfluctuations However the
brain, which receivesthe reportof sensoryreceptorsis not madeawareof quantumfluctuations The
messagéhebrainreceivesoncernghelevel of the steady macroscopistimulus whichis the meanof

Figure 9.1 Thelargecuberepresents largesampleof afluid containing24 particles Imagine
the boundariesof this cubeasimpermeableso that, althoughparticlesare free to move about

they cannotescape&rom the large container Particlesmove aboutrandomlywithin this cube

The small curvesrepresensmall samplesof the fluid suchas might be obtainedby a sensory
receptor The boundariesof the small cubes(in dottedlines) are just imaginedboundariesso
that particlesarefreeto movein andout Dueto randommovement®f the particles oneof the
small cubescontainsno particles two of them contain one particle and one containsthree
particles In this way, a sensoryreceptommay obtainO, 1, 2, 3, ... particlesin any oneprocessof

sampling
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the signalsdetectedoy the receptorsThe fluctuatingenvironmentf the sensoryreceptoris translated
presumablyby a processof averaginginto a smoothreportreceivedat the brain Sincethe messagef
the sensoryreceptorss usuallyrelayedto the brainby meansof a neuralfrequencycode it is expected
that this frequencywill alsq usually, encodea smoothedor averagedsignal (although of course we
cannotbesure.?

SAMPLING THE STIMULUS POPULATION

Thereceptomwill beregardecasdrawingsampledrom the stimuluspopulationwhich, in turn, will
beregardedasaninfinite population Eachsamplewill provideonevalueof the densityof the stimulus
For concentrationdensityequalsthe numberof moleculesper samplediuid volume for light, density
equalsthe numberof photonsper volume of light beamsampled The samplesare identically and
independentlydistributed Hence if the original populationof densitieshadmean m andvariances %
(‘s’ designatesStimulus), the meanof m samplingsof the populationwill be a sampleof size m,
which, by the central limit theorem will tend toward the normal distribution with mean m and
variances2/m, asmincreasegseeChapters).

At what rate doesa sensoryreceptormakesamplingsof its stimuluspopulatior? We do not know.
We know only that suchsamplingsmustbe occurring In the absenceof any definitive knowledge |
suggesha sortof null conjecture®namelythatthe rateof samplingis constantsothatattime, t,

m = [t/tg] (9.2

wherets is the time betweensamplesand[t/ts] designateshe greatesintegernot greaterthant/ts. In
acontinuougepresentation

m = at, a constant> 0. (9.3
a =dm/dt, (9,4

or
samplingrate=dm/ dt. (9.5

Clearly, for m small the approximationof numberof samplings m, by the continuousvariable t,
will weaken and additionally, for small m the acceptabilityof the centrallimit theoremweakens
Therefore the validity of the modelfor H asa function of t that we are developingwill extendonly
beyondsomeminimumvaluefor thevariable t.

Thedifferentialentropyof thedistributionof meanss

Hs = - (plnpdx, (9.6)

or explicitly (from Equation(8.18)),

Hs = % In(2pes2/m), (9.7)
where p is the normal distribution with variances 2/m. We do not know the factorsoperatingwithin
the receptorsystemthat limit the precisionwith which a mean may be measured However we
understandrom Chapter7 that in the absenceof sucha 2noisé distribution no information canbe
received

THE REFERENCESIGNAL

Let us therefore assumethe existenceof 2Gaussianwhite noise® which is just an interfering
signalwhoseprobability densityis normal Sincetheterm?noise is usuallyregardedn the pejorative
let usdesignatehis signalasreferencanstead It is a stimulussignalwithout which informationwould
not be measurableAccordingly, its variancewill bedesignatedby s 3, andits differentialentropyby

Hr = 1 In(2pes?) . (9.8)
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The absoluteentropyreceivedper stimulus H, is thengivenby
H = Hsir- Hr = % In[2pe(s§/m+sg)] - +In(2pes3?) . (9.9)
H= ZIn(1+s%/msg). (9.10)

In the theory that follows we shall take s3 to be constantfor a given modality of sensation
IntroducingEquation(9.3),

H=ZIn(1+s%/szat). (9.12)
SinceF = kH from Equation(9.1), we have

= 1lkIn(1+s%/s3at). (9.12)

-2

RELATIONSHIPBETWEENVARIANCE AND MEAN

Equation (9.12), then relatesthe perceptualvariable F, to s, the varianceof the stimulus
population andt, the durationof the stimulus Unfortunately in this form, the equationis still not
readily applicablein the analysisof experimentsbecauses% is not usuallyknown In the laboratory
we measurethe meanstimulus valug m but usually not the variance It is, therefore necessaryto
introducea relationshipbetweermeanandvarianceof theform

s§=1(m; (9.13)

thatis, s is somefunction of meanstimulusintensity, m Howevet in formulatingsuchan equationit

is necessaryo bearin mind wheres % is being2measure@ andwheremis beingmeasureds$ is the

stimulus variance?as seenby® the sensoryreceptor it is the varianceobtainedby the receptotrs
samplingof its stimulusenvironment On the otherhand m the populationmean is estimatedoy the
investigatoras I, the intensity of the constantstimulus (thatis, m= 1), at someconvenientlocation
within thelaboratory Forexample s  for auditionmaybe measuredt the hair cellswithin the cochlea
in theinnerear, while m= | = soundintensity®is usuallymeasuredy a soundlevel meterat the outer
ear Hence s? incorporatesfluctuation arising from both the physical stimulus and the biological
receptor Therefore the characteof the function, f (m), is not obvious althoughin the caseof audition
someideamay be obtainedfrom the work of Rhode(1971). | selectedor f (), empirically, a simple
powerfunction, sothat

sZu nf', nconstant> 0, (9.14)
or, sincem= I,
sy In. (9.144)
Theconstantn, maydiffer amongthe modalitiesof sensation
| chosethis function for severalreasonsFirst, relationshipsbetweenmeanand variancewithin
statistical physicsoften assumethe form of Equation(9.14). For example(Jackson 1968, or other
textbookson statisticalmechanicy for a monoatomiddeal gasin thermalequilibriumwith a thermal

reservoir and performingno mechanicalwork, the standarddeviationof energy s(E), is relatedto
meanenergy m by therelation

s(E)/m=1/(3N/2)Z , (9.15)
whereN is the (constant numberof particlesin thegas Thatis,
S(E)? u n?. (9.15a)

As anotherexample the number N, of photonsin a monochromati®eamemittedper unit time by
athermalsourcekeptat constantemperaturgwill fluctuate The generalequationfor s?(N), themean
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squardiluctuation wasfoundby Einstein However in the Wien approximatiorwe havesimply
s(N)? = m. (9.16)

Equations(9.15) and (9.16) are specific examplesof meanvariancerelationshipsof the form
(9.14).

A secondeasorfor selectingequation(9.14) is thata similar relationshipmight be expectedrom
any processwherein a total measurementl, is the sum of a numberof partial measurements~or
example alength ma is measuredy laying down m timesa measuringod of lengtha. Supposehat
eachsinglemeasuremerns regardedasa randomvariablewhosestandardieviationis s 1(a). Then the
varianceof the sumof m measurements (ma)?, is equalto ms ;(a)? by therule of summingvariances
of independentandomvariables(for example FreundandWalpole 1980, p 157 or Weatherburril961,
p 27). Thatis,?

s(mad?u m=ma/a=1/a,
or
s(ma? u |I. (9.17)
Total variancevariesasthe 2intensity? (= lengthherg of the whole, which is just a way of saying
that larger quantitiesare associatedvith greaterfluctuations The varianceof measurementsf the
separationof two markedpointsin two different cities will be expectedto exceedthe varianceof
measurementsf the separatiorof two markedpointsbothwithin agivenroom

None of the aboveexamplesdemonstratehe validity of Equation(9.14); however they illustrate
the plausibility of sucharelationship

THE ENTROPYFUNCTION
IntroducingEquation(9.14a) into (9.11),
= Lin[1+ ([LYsR)I)], (9.18)

where bY is a proportionality constant> 0. Finally, condensingthe constantbYs3 into a single
constantb,

H=1In(L+blvt), [naturalunit] . (9.19)

Of course H [bits] is obtainedby dividing H [naturalunitg by In 2. Equation(9.19), then givesthe
absoluteentropyof m samplingsby a sensoryeceptortakenover an interval of time, t, of a stationary
stimuluspopulationof meanintensity I. SinceF = kH,

F = 1kin(L+b1"t). (9.20)

Before looking more deeplyinto the meaningof H as calculatedfrom (9.19), let us review the
primary assumptionshat havebeenusedto derive Equations(9.19) and(9.20). Six of themarelisted
below.

() Thereis aprocesof samplingby thereceptorof its stimulus

(2) The stimulus populationapproximateghe normal distribution closely enoughthat the central
limit theoremwill applyto a sampleof almostanysizedrawnfrom the stimuluspopulation

(3) Sensoryneuronsencodeheir stateof certitudeconcerninghe meanstimulusintensity.

(4) Therateof samplingof a stimulusby its receptolis constant

(5) A @noise or referencestimulusdistributionis present This referencestimulusis Gaussiarwith
constanwariance

(6) Stimulusvarianceat the receptoris a simple power function of the meanstimulus intensity
measurect a pointexternatlto thereceptor
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Essentially uponthe abovesix assumptionghe entropyfunctionwasderived In someapplications
of the H-function we shall not requireone of eitherassumptiong4) or (6). In later chapterswe shall
occasionallyadd an additionalassumptionnamelythat DH, a small differencein H, is constantand
playsthe partof athreshold

POPULATIONVS. SAMPLE VARIANCE

In orderto understandhe H conceptmoreclearly, andto understandhe limitations of the modeled
H-function given by Equation(9.19), we had bestlook at someof the intermediarystagesof its
developmentLooking backat Equation(9.10), we seethatfor constans 3, thevalueof H is dependent
upons3/m, which is the varianceof a populationof means However the perceivingorganismdoes
not haveaccesgo the valueof s 2/ m. Ratherit mustsamplethe stimuluspopulationandobtain at best
the value of the varianceof a sampleof the populationmeans Thatis, the organismmeasures?/ m as
an estimatorof s2/m. In order to developa more accurateH function we should have to make
allowancefor the probability distributionof the samplevariance which we shallnotdo here

MAXIMUM H AS POTENTIAL INFORMATION

We recallfrom Equation(9.10),
H= 2In(1+s%/msg). (9.10)

For fixed |, H is seento be maximumfor m = 1. However if the sensoryreceptorsare sensing
variancesratherthan means no samplevariancecan be obtainedfor m lessthan 2. Nonethelessfor
simplicity, let ustake

H=Hmx form=1. (9.21)

ThenHmax, beingan absoluteentropy representshe greatesamountof informationreceivableby
thereceptomerstimulus Rememberthough thatHmax is only receivedwhenthe meansignalvariance
is reducedto zerqg leaving only the noiseor referencesignal variance[recall the (Hsn- Hn) ideaof
Equations(7.18) and (8.14)]. Looking at Equation(9.10), we seethat this 2extinctior? of the mean
signal variance s%/m, will only occur for large valuesof m, the numberof samplingsmadeby the
receptort thatis for larget. What transpireds a gradualreductionin the meansignalvarianceasm
increase% the effectsof Fishets informationfelt here We might look at Hmax, Which we havetermed
an absoluteentropyor anuncertainty asthe potential of the perceivingsystemto acquireinformation
Potentialinformationis transformedgraduallyinto informationasthe perceptualact proceeds

To broaderthe perspectiveit is interestingto think backto the quantumphysicalpicture outlined
in Chapter2. Perceptiorof a quantumeventoccursasthe wavefunction (the squareof whosemodulus
is a probability density function) collapsesover time, Dt. That is, in time Dt, the varianceof the
guantumprobability density decreaseswith the resulting perceptionof the event The physiological
event occurs continuously within the 2paradigm of classicalphysics the wavefunctioamediated
eventoccurssuddenly within the paradigmof quantumphysics

THE SENSORYNEURONAS METACHANNEL

The concludingsectionof Chapter6 shouldtake on clearermeaningnow. We seethatthe sensory
receptorreceivesa 2message or 2statemerft from the so-called2outsideworld.°# Within the context
of the presenttheory, this statementis never made available to the brain nor, presumably to
aconsciousnes’ Since the sensoryneuronalreport F is equal to kH, and H is the entropy or
uncertaintyor potentialto receiveinformation the neuronalreportis proportionalto the uncertaintyof
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Figure 9.2 Thedifferentworldsof thereceptor sensoryneuronandbrain The2outsideworld®

is seenonly by the receptor The brain receivesfrom the sensoryneurononly a report
concerningthe 2uncertainty of the receptoraboutthe stateof the outsideworld. From these
reportsaboutuncertainty the brain mustsynthesizets picture of the outsideworld. The cartoon
depictsonly the passivephaseof perception from the receptorto the brain It omits the active
phaseof perceptionwhichis the effectof the brainon thereceptor

the receptoraboutthe statementThat is, the neuronalreportis a statementabout a statemenwor a
metastatemer{iNorwich, 1983, 1984).

We seein cartoonfashionin Figure9.2 a germof the Berkeleianapproacho sensoryphysiology
The substancef theworld seemdorevercut off from the mind thatperceivest. We seemto be drawn
ineluctablyinto the philosophicakore howevey | amdeterminedo delayit, soonto ...

F AT THE THRESHOLD

Let us considerthe legitimacy of the useof the H-function asobtainedfrom Equation(9.19), for
smallvaluesof I, whenusedin (9.1), F = kH(l, t). It is well knownthatwhenl is lessthansomevalue
linresy Which may haveto be determinedvith dueattentionto the statisticalmethodsof signaldetection
theory, a stimulusis imperceptible However sinceH hasbeenmodeledas a continuous monotone
function of | for all valuesof | 3 0, F will be greaterthanzerofor all valuesof | greaterthanzera
When the perceptualvariable F, is interpretedas subjectivemagnitude F > 0 for | < ly,q, IS NOt
acceptable Clearly, some correction is necessaryin Equation (9.1) when | is near threshold
particularlywhendealingwith subjectivemagnitudesSimplestwould seento be

F = K[H(I, 1) - H(lipresn 1)] - (9.22)

This equatiorwould be appropriatef 1,..,assumedhe form of a maskingstimulus As we shallseein
the next chapter Equation(9.22) is in accordwith the experimentafindings of Lochnerand Burger
(1961).°> But later we shall be treating thresholdsin a mannerquite different from the usual by
representinghemin termsof the minimum quantitiesof informationrequiredto perceivea stimulusor
to discriminatebetweenstimuli; soit is, perhaps prematureto speculateaboutEquation(9.22). We
shall continueto use Equation(9.20), but with cautionor not at all in the proximity of I,es; SOWe
havenow issuedcaveatson the useof certainof our modelequationgothfor very smallt andfor very
smalll.
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INFORMATION-FREEAPPROACH

In Chapter8 (Informatior) it was statedthat we could, probably proceedwith this entropic
interpretationof perceptionwithout usingthe conceptof informationat all. We cannow seeexplicitly
how that might be effected Referringto Equation(9.9), we seethat H can be split into its two
componentgienerically

H = - (psrInpsrdx + CprInprdx, (9.23)

wherepsr is the summatedorobability densityfor stimulusandreference The secondintegralon the
right-handside representinghe differential entropyfor the referencestimulus is constant since pr
depend®nly ontheconstants 3, which hasbeentakenasconstantTherefore we canwrite

H = [Differential entropyfor stimulus+ referencg+1 Y, (9.24)
wherel Yis constantor
F = kH = k [Differential entropyfor stimulus+ referencg+1 , (9.25)
wherel is constartor simply
F = kHgq +1 . (9.259)

Hgi is, of course decreasingvith time dueto its arguments%/t. Written in the aboveform, the

theoryis, in principle 2informationfree® sincethedifferentialentropyis notaninformation
Equation(9.25) is of greatinterestto me becausdt parallelsBoltzmanns equation

S=-kgHs (926)

(cf. Equation (6.20)), where Hg is Boltzmanns H-function (akin to a differential entropy), kg is
Boltzmanns constantand S is physicalentropy Equation(9.26), the equilibrium form for which has
beenderivedin Chapter6 [S = kgInW (Equation6.21): seeTolman 1979, page135], statesthat
ignoring additive constantsphysicalentropyis proportionalto Boltzmanns H-function bothin and out
of equilibrium (ter Haar, 1966, page27). Boltzmannshowedhat dueto molecularcollisions

dHg
dt

£0, (9.27)

thus demonstratinghrough the use of statistical mechanicsthat the thermodynamicentropy S is
nondecreasingrecallthe secondaw of thermodynamicgs Onecannotbut notethe parallel

F [dueto its dependencen H(t)] is necessarilyorrincreasingwith increasingime.

S[dueto its dependencen Hg(t)] is necessarilywon-decreasingvith increasingime.

We shallreturnto Hg in Chapterl5.

CONVERVATION LAWS AND UNIFICATION

The secondpart of Chapterl wasdevotedto a discussionof the natureof physicallaws andtheir
capacityto 2unify® the observation®f science Thedistinctionwasmadebetweenaws of conservation
andlaws of mechanismand| shouldlike to pursuethat distinction herein termsof sensoryscience
Chapter3 consistsof a surveyof many of the empirical rules (or laws) of sensatiorand perception
Thesearerulesthathavebeenlearnedby experiencetheyarg essentially codified measurement©Our
job in thenextfew chapterswill beto derivetheselawstheoreticallyfrom Equationg9.19) and(9.20).
Thatis, we shall try to derive ALL empirical laws that relate a single constantstimulusof intensity
| > l4esn @ppliedfor a duration of timet > to, to a selectedperceptualvariable, F, usingthe single

theoreticallaw, F = kH.
Megalomaniaperhaps
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Now, it is importantto realizethatF = kH is a theoreticallaw of the conservatiortype it is nota
mechanisticlaw. Pleaserecall that the H-function was derived from considerationof uncertainties
residentin the stimulus That is, a model of the stimulus was formulated and an expressionfor
differential entropywasderivedfrom it. We approachedt from the point of view of fluctuationsin the
density of quanta However stimuli other than thoseof the 2intensity type may give rise to other
modelsfor H; the useof a fluctuating density of quantamay not alwaysbe appropriate Someother
guantitymaybe sampledoy the sensoryeceptor

We have seenhow H measureghe potentialto deliver information Neurophysiologically the
equationF = kH depicts the transformationof that potential stimulus information to the sensory
receptors Considera constantstimulus appliedto a receptor When m; samplingshave beenmade
H = Hi. Whenm, samplingshavebeenmade H = H». Let m, be greaterthanm;. ThenF1 = kHj,
F2 = kH2, sothat

(F1- F2)/lk=H1- H2. (9.28)

We specifythatthe informationH; - H3 bits is transferredo the receptor which acknowledge#s
receiptby signalingFi - F2 units of information Whenm; is very smallandm; is very large sothat
Hi ® HmaxandHz ® O, then

Fmax/K = Hmax . (9.29)

Thatis, Fmax is proportionalto the total stimulusinformation If we write, further,

Fi- F2 _ Hi- Hp
£ =TT (9.30)

we just statethat the difference betweenany two F-values as a receptorcontinuesto sampleits
stimulus designateghe fraction of the total availableinformation transmittedto the receptorat any
m-value or time. Sowe seethat F = kH canbe viewedasa kind of conservatiorlaw that metersthe
flow of information from stimulusto receptor No more than Fnax/k units of information may be
transmittedrom stimulusto receptor

We observethough thatno mechanisnifor the transmittednformationis specified we dorit know
how the information passedfrom stimulus to receptor We recall from Chapter1 that laws of
mechanisntomplementaws of conservationThe developmenanduseof F = kH in no way supplants
the searchfor the principlesof operationof sensoryeceptorst the electricalandmechanicaproperties
of signaltransducersA fortiori, laws of thetype F = kH needlaws of mechanisnto providea basefor
information transmittal In the final analysis knowledgeof mechanismwill enableus to formulate
improved versionsof the H-function and perhapstailor the H-function to each specific type of
receptor The thrust of the next few chapters however will be to show how far we can go without
knowledgeof mechanismusinga commonmathematicaform of the H-function for all modalitiesof
sensation

APPENDIX THE PARABLE OF THE SUPERMARKET

(A PedagogicaLamentatioron the Elusivenessf Friendship

| supposemy motivesmight be suspectwhen| go to the supermarketvith almostno moneyor
plastic at my disposalbut with a calculatorcapableof addingnumbersaslargeas10°°. | proceedto
the fruit sectionwherel notethat eachspeciesof fruit is piled on its own specialtable onetable for
grapesonetablefor apples etc. | go to onesuchtableandproceedo weigh nearlyeveryitem of fruit
on the table using the scaleprovided | enterthe weightinto the memoryon my calculatorand then
computethe averageweightof a pieceof fruit, which | duly record Beforeleavingthetable | pick up
one pieceof fruit at random re-weigh it, and recordthe weight | thengo on to a secondtable and
repeatthe aboveritual. | am monopolizingthe scales so | make little grimacesand utter audible
expressiorof annoyanceo signify my dissatisfactiorwith the whole tableful of fruit, in the hopesof
assuaginghe angerof thewomanbehindme Whatdoessheknow of the methodsof scienc@
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| leavethe storewithout buying anything but brandishingmy calculator andl soonmeeta friend
on the street He tells me how happy he is to meet me, but | suspectthat he doesnt meanit.
Nonethelessl decideto posethe following problemto him. | providehim with the weightsof the two
piecesof fruit thatl haveselectedatrandom but | do nottell him whatkinds of fruit theyare | askhim
to guessfor eachof the two typesof fruit, whatthe averageweightof the fruit onthetablewas andto
estimatethe 2uncertainty in his guessf the averageThatis, | amreally askinghim to estimatea sort
of standardieviationof his guesf theaverage

Well, thefirst pieceof fruit weighed5120 grams My friend guesseshatthis fruit musthavebeena
watermelonor pumpkin estimateghe averageweight of the speciesas5000 gramsand his erroras=+
2000 grams The weight of the secondpieceof fruit was45 grams My friend guesseshatit mustbe a
berry of somekind, andestimateghe averageneightas50 gramsz 20 grams His uncertaintiesabout
the averageweight are then 2000 gramsand 20 grams | suspecthat he is burningwith curiosity to
know the true valuesof the means so | kindly relieve his curiosity by telling him what they were 1
wish to continuethe dialogueby showingmy friend what wisdom lay inherentin his choices but he
seemsvery anxiousto go somewherendl do not wish to detainhim. He tells me thatwe really must
gettogethersometime, but | think he doesnt meanit. He leavesbeforel canteachhim the two main
lessondo belearnedfrom the guessinggame but!'ll tell him nexttime. Maybel'll sendhim aletter...

Thefirst lessonis thatwhenl providedhim with the correctanswer his uncertainty?collapsed (in
the languageof physicg, andhe receiveda quantity of informationthat dependean the magnitudeof
his prior uncertainty We can in fact, measurehis information The scalethatl usedin the supermarket
had a resolutionof about5 grams thatis, measurementaere accuratewithin a rangeof = 5 grams
Consider now, eachof thetwo piecesof fruit which, were in fact, apumpkinanda strawberry

(i) Pumpkin
estimatecerror= + 2000 grams
areferencewneigh® or resolutionof thescale=5 grams
call 5 gramsa@resolvablecategory
informationreceived= log, (numberof resolvablecategoriel
= l0g,2000/5 = 8.64 bits.
Perhapsmore precisely since his estimateof error did not take accountof the error of the
scale we cancombineerrorsusingtherule for additionof variancesThen
informationreceived= < log,[(5% + 2000?)/5%]
= +log,(1 + 20007/ 5%)
= 8.64 bits (Pumpkin.

(i) Strawberry
estimatecerror= * 20 grams
areferencewneigh® or resolutionof thescale=5 grams
again call 5 gramsa?resolvablecategory
informationreceived= log, (numberof resolvablecategoriel
= log,(20/5) = 2.00 bits
Or, usingagainthe additionof variances
informationreceived= = log,[(52 + 20%/57]
= +log,(1 + 20%/5?)
= 2.04 bits (Strawberry.

The secondlesson that| did not get the chanceto teachmy friend, is that he receiveda greater
guantityof informationwhenl providedhim with the correctaveragaveightof the pumpkinthanwhen
| providedhim with the correctaveragewneightof the strawberry Largermeasurementare associated
with largerquantitiesof information Intrinsically, he knew that whenhe ascribeda largererrorto the
pumpkin estimatethan to the strawberryestimate All this mathematicalknowledge was actually
presentin my friend s mind all along | just helpedhim to extractit. Socratesinderstoodsuchmatters
longagqg aswe learnin Platds TheMena

My friend is probablyalreadyregrettinghavingtreatedmein sucha distantmanner He is probably
goingto call me tonightto apologize I'll haveto remindhim that in this Parableof the Supermarket
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we arenotforbiddento compareEquationgPumpkir) and(Strawberry to Equation(9.10) with m = 1:
H=Hs- Hg = %In(1+s§/s§).

He'll growwarmandfriendly with the acquisitionof thiswisdom I'm surehewill .

NOTES

1. Is this equivalentto the existenceof an organismthat possesseshe ability to perceivea
continuumof stimuli, immersedin a world in which stimuli alwaysassumediscretevalues like the
eigenfunction®f a quantummechanicabysten?

2. 1 know, whenl look at a light signal thatl do not perceivequantalfluctuations Thatis, | amnot
consciousf suchfluctuations But do the sensoryneurongeportsuchfluctuationsanyway? | think not
However evenwhena sensoryneuronfires at a constantaveragerate thereare momentby moment
fluctuationsin the constantate (stationarytime serie$. | shallassumein the absencef knowledgeto
the contrary that thesefluctuationsin neuronalfiring rate do not reflect quantalfluctuationsin the
stimulus density although admittedly future researchmay show otherwise Recall alsq that we are
confining our discussionfor the mostpart, to stimuli of the 2intensity’ type, so phenomenauchas
aphasdocking’ in pitch perceptiorarenotconsideredhere

3. Thisrelation s(na) p /n, led Cattell (1893) to his well-known conjecture @The algebraicsum
of a numberof variableerrorstendsto increaseasthe squareroot of the number...° Recallalsothe
generalizatiorof the aboveby Guilford (1932) into the 2FullertonCattell law,° discussedn Note 6,
Chapter2. However it is most important that the reader make the following distinction In the
developmentof this entropy theory of perception we are introducing a meanvariancerelationship
(Equation (9.14)) at the level of the stimulus (for example a relationship betweenthe meanand
variance of the density of odorantmolecule$. We are not introducing any a priori relationships
betweenthe meanstimuluslevel andthe differential threshold DI, for purpose®f obtainingWebets
law. We shall derive Webets law from the generalequationof entropy (9.19). | am grateful to
ProfessoHarry Lawlessfor drawingmy attentionto this situation

4. Within this entropicview of perceptionthe meaningof the term 2outsideworld® is not all that
simple asshownin Figure9.2. Sincea directview of the 2outsideworld® is deniedto us the bestwe
cando is to formulatea modelof this world. This modelis onewhereinmagnitudesof outsideworld
eventsareinferredfrom the neuronakeportsof uncertainties

5. LochnerandBurger(1961) foundfor loudnesghata functionof theform

F=k("- I}

thres

wasmuchmoreaccuraten describingexperimentallymeasuredlatathana functionof the form
F= k(l - Ithresi*)n .
We seein Chapterl0 that in termsof H, LochnerandBurget s findings meanthat

F= k[H(L t) - H(Ithresh t)]
is betterthan
F= kH(I - Ithresh t) .

Q (2003 ed note The 2null conjectur@ regardingsamplingrate by a receptor introducedat
Equation(9.2) was studiedin more detail The receptor it seemssamplests stimulusenvironment
morerapidly whenthe stimulusfirst appearsandthenprogressivelymoreslowly (K. H. Norwich and
W. Wong 2A UniversalModel of SingleUnit SensoryReceptorAction®, MathematicalBiosciences
125, 83-108, 1995). Using this mode| one canaccount in a quantitativemanney for neuralactivity
during rapid onsetand removal of stimuli (adaptationand de-adapatatio)) and for the responseso
time-varyingstimuli. Stimuli of this typearenotembracedy thetheorypresentedn this book
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@ (2003 ed notg Thetermsoundintensity asusedin this book will imply a scalarquantitythat
canbe measuredy the squareof the amplitudeof a soundwave More properlyused soundintensity
is a vectorquantitydiscussegfor example by Frank Fahy, Soundintensity E. andFn. Spon London
1995.
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